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1 Introduction

The solutions of many systems of convection-diffusion-reaction equations arising
in biology, physics or engineering describe such quantities as population densities,
pressure or concentrations of nutrients and chemicals. Thus, a natural property to
require for the solutions is positivity. Models that do not guarantee positivity are
not valid or break down for small values of the solution. In many cases, showing
that a particular model does not preserve positivity leads to a better understanding
of the model and its limitations. One of the first steps in analyzing ecological or
biological models mathematically is to test whether solutions originating from
non-negative initial data remain non-negative (as long as they exist). In other
words, the model under consideration ensures that the positive cone is positively
invariant.

For scalar equations the non-negativity of solutions emanating from non-negative
initial data is a direct consequence of the maximum principle, see [13] and [11].
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However, for systems of equations the maximum principle is not valid. In the
particular case of monotone systems the situation resembles the case of scalar
equations, sufficient conditions for preserving the positive cone can be found in
[14]. In this article we will formulate a criterion, that is, we will state necessary
and sufficient conditions, for the positivity of solutions of systems of quasi-linear
and semi-linear convection-diffusion-reaction-equations. It provides the modeler
with a tool, which is easy to verify, to approach the question of positive invari-
ance of the model. It turns out that for semi-linear systems, the diffusion and
convection matrices need to be diagonal, while the quasi-linear case is essentially
different. Here, cross-diffusion and -convection terms are allowed, however, the
matrices are of a very particular form.

Our concern is not the existence but the qualitative behavior of the solutions.
In order to formulate our criterion we will assume that for arbitrary initial data
a unique solution of the boundary-value problem exists. As a consequence of
our main theorem we derive comparison theorems for systems of quasi-linear and
semi-linear convection-diffusion-reaction equations.

2 Main Result

We consider systems of quasi-linear equations of the form
∂tu = a(u) ·∆u− γ(u) ·Du + f(u) Ω × (0, T ]

u|t=0 = u0 Ω × {0}
u|∂Ω = 0 ∂Ω × [0, T ],

(2.1)

where u is a vector-valued function u(x, t) = (u1(x, t), . . . , uk(x, t)) of x ∈ Ω and
t ∈ [0, T ]. We assume T > 0 and Ω is an open and bounded subset of Rn, n ∈ N.

Assumption 2.1. The diffusion matrix a = (aij(u))1≤i,j,≤k is a k× k-matrix with
density-dependent coefficient functions aij : Rk → R and satisfies the parabol-
icity assumption a(u) + a(u)∗ > 0. Moreover, let the interaction term f(u) =
(f1(u), . . . , fk(u)) satisfy f ∈ C1(Rk; Rk) and the diffusion term be given by γ(u) ·
Du :=

∑n
l=1 γl(u) · ∂xl

u, where the coefficient functions of the k × k-matrices
γl(u) = (γl

ij(u))1≤i,j≤k depend on u. The derivatives ∂xl
, as well as the Laplacian

∆ = ∆x, are applied componentwise.

In order to formulate our criterion for the positivity of solutions of this system
of parabolic equations, we define the positive cone as the set of non-negative vector-
valued functions with components in L2(Ω). Our aim is to prove that the positive
cone is a positively invariant region of system (2.1).
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Definition 2.2. By K+ := {u : Ω → Rk | ui ∈ L2(Ω), ui ≥ 0 a.e., i = 1, . . . , k}
we denote the positive cone, that is the set of all non-negative vector-valued
functions on Ω.

We especially emphasize that in the sequel we assume that for any
initial data u0 ∈ K+ there exists a unique solution of system (2.1) and
for all t the solution and their derivatives with respect to x satisfy L∞-
estimates. This property of the solutions will be essential for the proof of our
main theorem. Sufficient conditions on the data justifying this assumption can be
found in [10], [4] and [5].

The following theorem provides a criterion, which ensures that all solutions
u( · , · ; uo) : Ω × [0, T ] → Rk of system (2.1) originating from non-negative initial
data u0 ∈ K+ remain non-negative (as long as they exist).

Theorem 2.3. Let f and the matrices a, γl, 1 ≤ l ≤ n, fulfill the assumptions in
2.1. Moreover, we assume the coefficient functions of a and γ are in C1(Rk; R),
the second partial derivatives of aij for 1 ≤ i, j ≤ k, i 6= j, exist and belong to
the space L∞loc(Rk). Moreover, let the initial data u0 ∈ K+ and satisfy u0|∂Ω = 0.
Then, the solution remains non-negative, that is u( . , t; u0) ∈ K+ for t > 0, if and
only if the interaction term satisfies

fi(u
1, . . . , 0︸︷︷︸

i

, . . . , uk) ≥ 0 for u1 ≥ 0, . . . , uk ≥ 0

and for the matrices a and γl

aij(u
1, . . . , 0︸︷︷︸

i

, . . . , uk) = γl
ij(u

1, . . . , 0︸︷︷︸
i

, . . . , uk) = 0

holds for all 1 ≤ i, j ≤ k, i 6= j, and 1 ≤ l ≤ n. This implies, the matrices can be
represented as

a(u) =



a11(u) u1 · A12(u) u1 · A13(u) · · · u1 · A1k(u)
u2 · A21(u) a22(u) u2 · A23(u) · · · u2 · A2k(u)

...
...

...
...

uk · Ak1(u) uk · Ak2(u) uk · Ak3(u) · · · akk(u)



γl(u) =



γl
11(u) u1 · Γ l

12(u) u1 · Γ l
13(u) · · · u1 · Γ l

1k(u)
u2 · Γ l

21(u) γ22(u) u2 · Γ l
23(u) · · · u2 · Γ l

2k(u)

...
...

...
...

uk · Γ l
k1(u) uk · Γ l

k2(u) uk · Γ l
k3(u) · · · γkk(u)


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with bounded functions Aij(u) and Γ l
ij(u), i 6= j, 1 ≤ l ≤ n.

Proof. Necessity: We assume the solution u( · , t; u0) corresponding to initial
data u0 ∈ K+ remains non-negative for t > 0 and prove the necessity of the stated
conditions. In the following we will make formal calculations, for its validity we
refer to [10]. Taking smooth initial data u0 and an arbitrary function v ∈ K+,
that is orthogonal to u0, we obtain

(
∂tu|t=0, v

)
L2(Ω;Rk)

=
(

lim
t→0+

u( · , t; u0)− u0

t
, v

)
L2(Ω;Rk)

=

= lim
t→0+

(u( · , t; u0)

t
, v

)
L2(Ω;Rk)

− lim
t→0+

(u0

t
, v

)
L2(Ω;Rk)

=

= lim
t→0+

(u( · , t; u0)

t
, v

)
L2(Ω;Rk)

≥ 0,

where we used the orthogonality of u0 and v as well as the assumption u( · , t; u0) ∈
K+. On the other hand, since u is the solution of system (2.1) corresponding to
initial data u0, we obtain(

∂tu|t=0, v
)

L2(Ω;Rk)
=

(
a(u0) ·∆u0 − γ(u0) ·Du0 + f(u0), v

)
L2(Ω;Rk)

≥ 0. (2.2)

In particular, for fixed i ∈ {1, . . . , k} choosing the functions u0 = (ũ1, . . . , 0︸︷︷︸
i

, . . . , ũk)

and v = (0, . . . , ṽ︸︷︷︸
i

, . . . , 0) with ũ1 ≥ 0, . . . , ũk ≥ 0, ṽ ≥ 0, leads to the scalar

inequality∫
Ω

( k∑
j=1,j 6=i

aij(u0) ·∆ũj −
n∑

l=1

k∑
j=1,j 6=i

γl
ij(u0) · ∂xl

ũj + fi(u0)
)
· ṽ dx ≥ 0.

As this inequality holds for arbitrary non-negative ṽ ∈ L2(Ω), we get the pointwise
estimate

k∑
j=1,j 6=i

aij(u0) ·∆ũj −
n∑

l=1

k∑
j=1,j 6=i

γl
ij(u0) · ∂xl

ũj + fi(u0) ≥ 0 a.e. in Ω. (2.3)

This implies for 1 ≤ j ≤ k, j 6= i and all 1 ≤ l ≤ n

aij(ũ
1, . . . , 0, . . . , ũk) = γl

ij(ũ
1, . . . , 0, . . . , ũk) = 0.

Moreover, fi(ũ
1, . . . , 0, . . . , ũk) ≥ 0 for ũ1 ≥ 0, . . . , ũk ≥ 0. Hence, the matrices a

and γl are necessarily of the stated form and the components of the interaction
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term fi, 1 ≤ i ≤ k, satisfy fi(u
1, . . . , 0︸︷︷︸

i

, . . . , uk) ≥ 0 for u1 ≥ 0, . . . , uk ≥ 0.

Sufficiency: We show that under the given conditions on a, γ and f the solution
corresponding to initial data u0 ∈ K+ remains non-negative for t > 0. In this case,
the system of equations takes the form

∂tu
i = aii(u) ·∆ui +

k∑
j=1,j 6=i

ui · Aij(u) ·∆uj −
n∑

l=1

γl
ii(u) · ∂xl

ui −

−
n∑

l=1

k∑
j=1,j 6=i

ui · Γ l
ij(u) · ∂xl

uj + fi(u),

1 ≤ i ≤ k, where the functions Aij, Γ
l
ij : Rk → R are defined as

Aij(u) :=

∫ 1

0

∂iaij(u
1, . . . , sui, . . . , uk)ds,

Γ l
ij(u) :=

∫ 1

0

∂iγ
l
ij(u

1, . . . , sui, . . . , uk)ds.

Let u ∈ L2(Ω). Introducing its positive and negative part u+ := max{u, 0},
respectively u− := max{−u, 0}, we can represent u = u+ − u− and |u| = u+ + u−.
By the definition immediately follows u− u+ = 0. It is a well-known fact that for
u ∈ H1(Ω) also u+, u− ∈ H1(Ω) holds and

Du− =

{
−Du u < 0

0 u ≥ 0
Du+ =

{
Du u > 0

0 u ≤ 0

(cf. [8]). This certainly implies

Du+ u− = u+ Du− = Du+ Du− = 0.

In order to prove the positivity of the solution u = u( · , · ; uo) corresponding to
initial data u0 ∈ K+ we show that (ui

0)− = 0 a.e. implies ui
− := ui( · , t; uo)− = 0

a.e. for t > 0, 1 ≤ i ≤ k. Multiplying the i-th equation by ui
− and integrating over

Ω yields

(∂tu
i, ui

−)L2(Ω)=

= (aii(u) ·∆ui, ui
−)L2(Ω) +

k∑
j=1,j 6=i

(ui · Aij(u) ·∆uj, ui
−)L2(Ω) −

−
n∑

l=1

(γl
ii(u) · ∂xl

ui, ui
−)L2(Ω) −

n∑
l=1

k∑
j=1,j 6=i

(ui · Γ l
ij(u) · ∂xl

uj, ui
−)L2(Ω) +

+ (fi(u), ui
−)L2(Ω).
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Note that the left-hand side of the equation can be written as

(∂tu
i, ui

−)L2(Ω) = −(∂tu
i
−, ui

−)L2(Ω) = −1

2
∂t‖ui

−‖2
L2(Ω).

By assumption the solution satisfies ui ∈ L∞(Ω) as well as ∂xj
ui ∈ L∞(Ω), for

all 1 ≤ i ≤ k and 1 ≤ j ≤ n. Taking into account the homogeneous Dirichlet
boundary conditions we obtain for the first term of the right-hand side of the
equation

(aii(u) ·∆ui, ui
−)L2(Ω)=

= −(aii(u) ·∆ui
−, ui

−)L2(Ω) =

∫
Ω

O(aii(u) · ui
−) · Oui

−dx =

=

∫
Ω

aii(u) · |Oui
−|2dx +

k∑
j=1

∫
Ω

∂jaii(u) · Ouj · ui
− · Oui

−dx.

Furthermore, the second integral can be estimated by

k∑
j=1

∫
Ω

|∂jaii(u) · Ouj · ui
− · Oui

−|dx ≤ C1 ·
∫

Ω

n∑
m=1

|∂xmui
−| · |ui

−|dx,

for some constant C1 ≥ 0. Here, we used the boundedness of the functions uj and
their derivatives ∂xmuj, 1 ≤ m ≤ n, as well as the assumption aii ∈ C1(Rk). For
the second diffusion term we obtain

∣∣( k∑
j=1,j 6=i

ui · Aij(u) ·∆uj, ui
−
)

L2(Ω)

∣∣ =
∣∣−∑

j

∫
Ω

Aij(u) · (ui
−)2 ·∆ujdx

∣∣ =

=
∣∣ ∑

j

∫
Ω

O(Aij(u) · (ui
−)2) · Oujdx

∣∣ ≤
≤

∑
j

( ∫
Ω

2 · |Aij(u) · ui
− · Oui

− · Ouj|dx +

+

∫
Ω

k∑
l=1

|∂lAij(u) · Oul · (ui
−)2 · Ouj|dx

)
≤

≤ C2 ·
∫

Ω

n∑
m=1

|∂xmui
−| · |ui

−|dx + C3 · ‖ui
−‖2

L2(Ω),

for some constants C2, C3 ≥ 0. As before, we used the fact that uj and ∂xmuj are
in L∞(Ω), for all 1 ≤ j ≤ k, 1 ≤ m ≤ n, and the assumption ∂l∂iaij ∈ L∞loc(Ω).
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Similarly, we derive an estimate for the convection terms

∣∣− n∑
l=1

(γl
ii(u) · ∂xl

ui, ui
−)L2(Ω) −

n∑
l=1

k∑
j=1,j 6=i

(ui · Γ l
ij(u) · ∂xl

uj, ui
−)L2(Ω)

∣∣ ≤
≤

∫
Ω

n∑
l=1

∣∣γl
ii(u) · ∂xl

ui
− · ui

−
∣∣dx +

∫
Ω

n∑
l=1

k∑
j=1,j 6=i

∣∣Γ l
ij(u) · ∂xl

uj · (ui
−)2

∣∣dx ≤

≤ C4 ·
∫

Ω

n∑
m=1

|∂xmui
−| · |ui

−|dx + C5 · ‖ui
−‖2

L2(Ω),

for some constants C4, C5 ≥ 0. Here, we used the assumption γl
ij ∈ C1(Rk) and

the boundedness of uj and ∂xmuj, 1 ≤ j ≤ k, 1 ≤ m ≤ n. It remains to estimate
the interaction term. By assumption f ∈ C1(Rk; Rk), so we can write

fi(u
1, . . . , uk) = fi(u

1, . . . , 0︸︷︷︸
i

, . . . , uk) + ui ·
∫ 1

0

∂ifi(u
1, . . . , sui, . . . , uk)ds,

that is, fi(u
1, . . . , uk) = fi(u

1, . . . , 0, . . . , uk) + ui · Fi(u
1, . . . , uk), with a bounded

function Fi : Rk → R. Consequently, the last integral yields∫
Ω

fi(u) · ui
−dx =

∫
Ω

fi(u
1, . . . , 0︸︷︷︸

i

, . . . , uk) · ui
− + ui · Fi(u

1, . . . , uk) · ui
−dx =

=

∫
Ω

fi(u
1, . . . , 0︸︷︷︸

i

, . . . , uk) · ui
−dx−

∫
Ω

|ui
−|2 · Fi(u

1, . . . , uk)dx.

Summing up all terms we obtain

1

2
∂t‖ui

−‖2
L2(Ω) +

∫
Ω

aii(u) · |Oui
−|2dx ≤

≤ C6 ·
∫

Ω

n∑
m=1

|∂xmui
−| · |ui

−|dx + C7 · ‖ui
−‖2

L2(Ω) −

−
∫

Ω

fi(u
1, . . . , 0︸︷︷︸

i

, . . . , uk) · ui
−dx,

for some constants C6, C7 ≥ 0. Taking into account the hypothesis aii(u) > 0 and
using Young’s inequality to estimate the terms∫

Ω

n∑
m=1

|∂xmui
−| · |ui

−|dx ≤
∫

Ω

ε|Oui
−|2 + Cε|ui

−|2dx
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follows

1

2
∂t‖ui

−‖2
L2(Ω) ≤ c · ‖ui

−‖2
L2(Ω) −

∫
Ω

fi(u
1, . . . , 0︸︷︷︸

i

, . . . , uk) · ui
−dx,

for some constant c ≥ 0, if we choose ε > 0 sufficiently small. Under the hypothesis
fi(u

1, . . . , 0, . . . , uk) ≥ 0 (which was a priori only assumed for u1 ≥ 0, . . . uk ≥ 0)
the inequality

∂t‖ui
−‖2

L2(Ω) ≤ c · ‖ui
−‖2

L2(Ω),

follows. By Gronwall’s Lemma and the initial condition (ui
0)− = 0 we conclude

‖ui
−‖L2(Ω) = 0, that is ui

− = 0 a.e. in Ω.
It remains to justify our assumptions on the functions fi. Instead of the original

system (2.1) we consider the modified system
∂tû = a(û) ·∆û− γ(û) ·Dû + f̂(û) Ω × (0, T ]

û|t=0 = u0 Ω × {0}
û|∂Ω = 0 ∂Ω × [0, T ],

where the function f̂ is given by

f̂i(û
1, . . . , ûk) = fi(|û1|, . . . , 0, . . . , |ûk|) + ui · Fi(û

1, . . . , ûk)

with Fi as defined above. Following the same arguments we conclude for the
solution û of this modified system that u0 ∈ K+ implies û( · , t; u0) ∈ K+ for t > 0.
However, this solution û with û1 ≥ 0, . . . , ûk ≥ 0 satisfies the original system

∂tu = a(u) ·∆u− γ(u) ·Du + f(u) Ω × (0, T ]

u|t=0 = u0 Ω × {0}
u|∂Ω = 0 ∂Ω × [0, T ],

By the uniqueness of the solution corresponding to initial data u0 follows u = û,
which implies u( · , t; u0) ∈ K+ for t > 0, and concludes the proof of the theorem.

3 Semi-linear Case

A special case of the systems considered in Section 2 are systems of semi-linear
convection-diffusion-reaction equations of the form

∂tu = a ·∆u− γ ·Du + f(u) Ω × (0, T ]

u|t=0 = u0 Ω × {0}
u|∂Ω = 0 ∂Ω × [0, T ],

(3.4)
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where u(x, t) = (u1(x, t), . . . , uk(x, t)) is a vector-valued function of x ∈ Ω, t ∈
[0, T ], T > 0 and Ω ⊂ Rn is open and bounded.

Assumption 3.1. The diffusion matrix a = (aij)1≤i,j,≤k is a k × k-matrix with
constant coefficients aij ∈ R and satisfies a+a∗ > 0. Moreover, let f ∈ C1(Rk; Rk),
f(u) = (f1(u), . . . , fk(u)), and the diffusion term be given by γ·Du :=

∑n
l=1 γl·∂xl

u,
where the matrices γl = (γl

ij)1≤i,j≤k have constant coefficients γl
ij ∈ R.

In this section we assume that for any initial data u0 ∈ K+ there exists
a unique solution of system (3.4) and for all t the solution satisfies L∞-
estimates. Note that we do not assume the boundedness of the derivatives of the
solution as in Section 2. The following theorem shows that, contrary to the quasi-
linear case, system (3.4) preserves the positivity of solutions only if the diffusion
and convection matrices are diagonal.

Theorem 3.2. Let the matrices a and γl, 1 ≤ l ≤ n, and the interaction term
f fulfill the assumptions in 3.1. Moreover, we assume the initial data u0 ∈ K+

satisfies u0|∂Ω = 0. Then, necessary and sufficient conditions for the positivity
of the solution are the following: The matrices a and γ are diagonal and the
components of the reaction term satisfy

fi(u
1, . . . , 0︸︷︷︸

i

, . . . , uk) ≥ 0, for u1 ≥ 0, . . . , uk ≥ 0,

and all 1 ≤ i ≤ k.

Proof. Necessity: For the convenience of the reader we will point out where the
proof simplifies in comparison to the proof of Theorem 2.3. We follow the same
arguments to deduce the inequality(

∂tu|t=0, v
)

L2(Ω;Rk)
=

(
a ·∆u0 − γ ·Du0 + f(u0), v

)
L2(Ω;Rk)

≥ 0 (3.5)

for an arbitrary function v ∈ K+, which is orthogonal to u0. Choosing the func-
tions u0 = (0, . . . , ũ︸︷︷︸

i

, . . . , 0) and v = (0, . . . , ṽ︸︷︷︸
j

, . . . , 0) with ũ ≥ 0, ṽ ≥ 0 and

i 6= j, leads to the pointwise estimate

aji ·∆ũ−
n∑

l=1

γl
ji · ∂xl

ũ + fj(0 . . . , ũ︸︷︷︸
i

, . . . , 0) ≥ 0 a.e. in Ω. (3.6)

We prove by contradiction that the diffusion- and convection-matrices are neces-
sarily diagonal. Let us assume aji 6= 0. We may choose a function that attains
its maximum in x0 ∈ Ω and whose second derivative is arbitrarily negative, for
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instance, ũ(x) := e−
1
ε
(x1−x1

0)2 . We compute ∂x1ũ(x) = −2
ε
(x1−x1

0) · e−
1
ε
(x1−x1

0)2 and

∆ũ(x) = −2
ε
e−

1
ε
(x1−x1

0)2 + 4
ε2

(x1− x1
0)

2 · e− 1
ε
(x1−x1

0)2 , hence, ∂xl
ũ(x0) = 0, 1 ≤ l ≤ n,

and ∆ũ(x0) = −2
ε
. As ε can be chosen arbitrarily small, it contradicts inequality

(3.6) in the point x0. Next, we choose the function ˜̃u(x) := e−
1
ε
(x1−x1

0) to derive
γl

ji = 0, 1 ≤ l ≤ n.
This implies the matrices a and γl, 1 ≤ l ≤ n, are diagonal. Finally, we use

the functions u0 = (ũ1, . . . , 0︸︷︷︸
i

, . . . , ũk) and v = (0, . . . , ṽ︸︷︷︸
i

, . . . , 0), with ũ1 ≥

0, . . . , ũk ≥ 0, ṽ ≥ 0 and inequality (3.6) to conclude fi(ũ
1, . . . , 0︸︷︷︸

i

, . . . , ũk) ≥ 0

for ũ1 ≥ 0, . . . , ũk ≥ 0.
Sufficiency : We assume the matrices a and γ are diagonal, let a = diag(a1, . . . , ak)
and γl = diag(γl

1, . . . , γ
l
k), and f satisfies the assumptions of the theorem. The

system takes the form

∂tu
i = ai ·∆ui −

n∑
l=1

γl
i · ∂xl

ui + fi(u
1, . . . , uk), i = 1, . . . , k.

Multiplying the i-th equation by ui
− and integrating over Ω yields

−1

2
∂t‖ui

−‖2 = ai

∫
Ω

|Oui
−|2dx +

n∑
l=1

γl
i

∫
Ω

∂xl
ui
− · ui

−dx +

∫
Ω

fi(u
1, . . . , uk) · ui

−dx

First, we estimate the convection term using Young’s inequality

|
n∑

l=1

γl
i

∫
Ω

∂xl
ui
− · ui

−dx| ≤
∫

Ω

ε|Oui
−|2 + C(ε)|ui

−|2dx,

for some constant C(ε) ≥ 0. The last integral is expressed exactly as in the proof
of Theorem 2.3. Hence, collecting the terms we get

1

2
∂t‖ui

−‖2 + ai

∫
Ω

|Oui
−|2dx ≤

≤
∫

Ω

ε|Oui
−|2 + C(ε)|ui

−|2dx−
∫

Ω

fi(u
1, . . . , 0, . . . , uk) · ui

−dx + C‖ui
−‖2

L2(Ω),

for some constant C ≥ 0. Choosing ε sufficiently small leads to the estimate

∂t‖ui
−‖2

L2(Ω) ≤ c · ‖ui
−‖2

L2(Ω),

for some constant c ≥ 0. We used fi(u
1, . . . , 0, . . . , uk) ≥ 0, which was a priori only

assumed for ui ≥ 0, 1 ≤ i ≤ k. However, the validity of this estimate is justified as
in the proof of Theorem 2.3. By Gronwall’s Lemma and the assumption (ui

0)− = 0
follows ui

− = 0 a.e. in Ω.
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Remark 3.3. 1. Note that Theorem 2.3 can be generalized to systems of the
form

∂tu = a(u, x, t) ·∆u− γ(u, x, t) ·Du + f(u, x, t)

under appropriate boundedness assumptions on the coefficient functions. The
(x, t)-dependence of the coefficients reflects the heterogeneity of the medium.

2. The method used to prove that the conditions in Theorem 2.3 are sufficient
for the positivity of the solutions is applicable in more general cases. As an
example we consider a system of degenerate parabolic equations in Section 6.

3. For certain types of equations the assumption that the solution and their
derivatives satisfy L∞-estimates is not necessary. An example is the (quasi-
linear) biofilm model considered in Section 7.3.

Remark 3.4. For semi-linear systems it is possible to deduce necessary and suf-
ficient conditions to show that the solution originating from bounded non-negative
initial data u0 ∈ [0, 1] remains non-negative and bounded by 1. In other words,

{u ∈ K+ | 1− u ∈ K+}

is an invariant region for system (3.4). To this end we consider the function
w := 1 − u and follow the same arguments to derive conditions for the positivity
of w. In addition to the conditions in Theorem 3.2 we obtain

fi(u
1, . . . , 1, . . . , uk) ≤ 0

for u1 ≤ 1, . . . , uk ≤ 1. However, we need an additional assumption on the reaction
term. If it satisfies ∂ifi ≤ c for some constant c the claim follows.

4 Comparison Principles

Using the results of the previous sections we derive comparison theorems for sys-
tems of semi-linear and quasi-linear parabolic equations.

4.1 Semi-linear Case

Definition 4.1. Let Ω be a subset of Rn. We define the (partial) order relation
4 on the set of vector-valued functions on Ω. Let u, v : Ω → Rk such that
ui, vi ∈ L2(Ω). We write u 4 v if and only if ui ≤ vi holds a.e. in Ω for all
1 ≤ i ≤ k.

11



Theorem 4.2. Under the assumptions of Theorem 3.2, system (3.4) is order
preserving with respect to 4 if and only if the matrices a and γ are diagonal and
the reaction term f satisfies

fi(y
1, . . . , y︸︷︷︸

i

, . . . , yk) ≤ fi(z
1, . . . , y︸︷︷︸

i

, . . . , zk), whenever yj ≤ zj, j 6= i,

for all 1 ≤ i, j ≤ k.

Proof. Let u0 and v0 be given initial data satisfying the assumptions of Theorem
3.2 and assume u0 < v0. We prove that the order is preserved by the corresponding
solutions u = u( · , t; u0) and v = v( · , t; v0), that is u < v for t > 0, if and only if the
matrices a and γ are diagonal and the reaction term fulfills the stated monotonicity
conditions. Defining the function w := u− v it satisfies

∂tw = a ·∆w − γ ·Dw + f(u)− f(v) Ω × (0, T ]

w|t=0 = w0 Ω × {0}
w|∂Ω = 0 ∂Ω × [0, T ],

where w0 := u0 − v0 ∈ K+. By Theorem 3.2 follows that the solution w =
w( · , t; w0) is non-negative for t > 0 if and only if the matrices a and γ are diagonal
and the function F (w) = F (u, v) := f(u)− f(v) satisfies

Fi(w
1, . . . , 0︸︷︷︸

i

, . . . , wk) ≥ 0 for w1 ≥ 0, . . . , wk ≥ 0

and all 1 ≤ i ≤ k. Thus,

Fi(u
1 − v1, . . . , 0, . . . , uk − vk) = fi(u

1, . . . , ui, . . . , uk)− fi(v
1, . . . , ui . . . , vk) ≥ 0

for uj ≥ vj, j 6= i, and all 1 ≤ i, j ≤ k.

Definition 4.3. We define the more general order relation % on the set of vector-
valued functions on Ω. Let σ1 and σ2 be disjoint and σ1 ∪ σ2 = {1, . . . , k}. For
functions u and v as in Definition 4.1 we write u % v if and only if{

uj ≥ vj a.e. for j ∈ σ1

uj ≤ vj a.e. for j ∈ σ2.

Theorem 4.4. Under the hypothesis of Theorem 3.2 system (3.4) is order pre-
serving with respect to - if and only if the matrices a and γ are diagonal and the
interaction term f satisfies

fi(y
1, . . . , y︸︷︷︸

i

, . . . , yk) ≤ fi(z
1, . . . , y︸︷︷︸

i

, . . . , zk) if i ∈ σ1

fi(y
1, . . . , y︸︷︷︸

i

, . . . , yk) ≥ fi(z
1, . . . , y︸︷︷︸

i

, . . . , zk) if i ∈ σ2,
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whenever

yj ≤ zj if j ∈ σ1

yj ≥ zj if j ∈ σ2

for j 6= i.

Proof. Let u0 and v0 be given initial data satisfying the assumptions of Theorem 3.2
and assume u0 % v0. We prove that the order % is preserved by the corresponding
solutions u = u( · , t; u0) and v = v( · , t; v0), that is u % v for t > 0, if and only if a
and γ are diagonal and the reaction term f fulfills the stated conditions. Defining
the function w by

wi :=

{
ui − vi if i ∈ σ1

−(ui − vi) if i ∈ σ2

it satisfies the system
∂tw = ã ·∆w − γ̃ ·Dw + F (w) Ω × (0, T ]

w|t=0 = w0 Ω × {0}
w|∂Ω = 0 ∂Ω × [0, T ]

with initial data w0 ∈ K+, where the function F is defined by

Fi(w) = Fi(u, v) :=

{
fi(u)− fi(v) if i ∈ σ1

−(fi(u)− fi(v)) if i ∈ σ2.

Furthermore, the diffusion matrix ã is given by

ãij :=

{
aij if i, j ∈ σ1 or i, j ∈ σ2

−aij otherwise

and the convection matrices γ̃l by

γ̃l
ij :=

{
γl

ij if i, j ∈ σ1 or i, j ∈ σ2

−γl
ij otherwise

for all 1 ≤ l ≤ n and 1 ≤ i, j ≤ k. By Theorem 4.2 follows w = w( · , t; w0) ∈ K+,
that is u % v for t > 0, if and only if the matrices a and γ are diagonal and the
function F satisfies

Fi(w) =


fi(u

1, . . . , ui︸︷︷︸
i

, . . . , uk)− fi(v
1, . . . , ui︸︷︷︸

i

, . . . , vk) ≥ 0 for i ∈ σ1,

−
(
fi(u

1, . . . , ui︸︷︷︸
i

, . . . , uk)− fi(v
1, . . . , ui︸︷︷︸

i

, . . . , uk)
)
≥ 0 for i ∈ σ2,

whenever wj ≥ 0, j 6= i, that is uj ≥ vj if j ∈ σ1 and vj ≥ uj if j ∈ σ2.
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4.2 Quasi-linear Case

Next, we formulate comparison principles for the quasi-linear systems considered
in Section 2.

Theorem 4.5. In addition to the hypothesis of Theorem 2.3 we assume that the
partial derivatives of second order of the diagonal coefficient functions aii exist
and belong to the space L∞loc(Rk) for all 1 ≤ i ≤ k. Then, system (2.1) is order
preserving with respect to 4 if and only if the matrices a and γl are diagonal, for
the coefficient functions aii and γii

aii(u
1, . . . , u︸︷︷︸

i

, . . . , uk) = aii(v
1, . . . , u︸︷︷︸

i

, . . . , vk)

γl
ii(u

1, . . . , u︸︷︷︸
i

, . . . , uk) = γl
ii(v

1, . . . , u︸︷︷︸
i

, . . . , vk)

holds for all 1 ≤ i ≤ k and 1 ≤ l ≤ n, and the interaction term f satisfies

fi(v
1, . . . , u︸︷︷︸

i

, . . . , vk) ≤ fi(u
1, . . . , u︸︷︷︸

i

, . . . , uk),

whenever vj ≤ uj, for i 6= j and all 1 ≤ i, j ≤ k.

Proof. Let u0 and v0 be given initial data satisfying the assumptions of Theorem 2.3
and assume u0 < v0. We show that the order < is preserved by the corresponding
solutions u = u( · , t; u0) and v = v( · , t; v0), that is u < v for t > 0, if and only if a,
γ and f fulfill the stated conditions. Defining the function w := u− v it satisfies

∂tw = a(u) ·∆u− a(v) ·∆v

−γ(u) ·Du + γ(v) ·Dv + f(u)− f(v) Ω × (0, T ]

w|t=0 = w0 Ω × {0}
w|∂Ω = 0 ∂Ω × [0, T ].

(4.7)

Necessity: We assume that the solutions satisfy u < v, that is w ∈ K+ for t > 0,
and deduce the necessity of the stated conditions. Note that the initial data is
non-negative w0 := u0 − v0 ∈ K+. Following the same arguments as in the first
part of the proof of Theorem 2.3 leads to the inequality(
a(u0) ·∆u0 − a(v0) ·∆v0 − γ(u0) ·Du0 + γ(v0) ·Dv0 + f(u0)− f(v0), ϕ

)
L2(Ω;Rk)

≥ 0

for an arbitrary ϕ ∈ K+, which is orthogonal to w0. The particular choice of the
functions u0 = (ũ1, . . . , ũ︸︷︷︸

i

, . . . , ũk) and v0 = (ṽ1, . . . , ũ︸︷︷︸
i

, . . . , ṽk) with ũj ≥ ṽj
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for 1 ≤ j ≤ k, j 6= i, and an arbitrary ϕ = (0, . . . , ϕ̃︸︷︷︸
i

, . . . , 0), with non-negative

ϕ̃ ∈ L2(Ω) yields the pointwise estimate

k∑
j=1,j 6=i

[
aij(u0) ·∆ũj − aij(v0) ·∆ṽj

]
+ [aii(u0)− aii(v0)] ·∆ũi −

−
n∑

l=1

k∑
j=1,j 6=i

[
γl

ij(u0) · ∂xl
ũj + γl

ij(v0) · ∂xl
ṽj

]
+

n∑
l=1

[γii(u0)− γii(v0)] · ∂xl
ũi +

+fi(u0)− fi(v0) ≥ 0 a.e. in Ω.

We deduce aij(u
1, . . . , uk) = γij(u

1, . . . , uk) = 0, for all 1 ≤ i, j ≤ k, i 6= j, and the
diagonal coefficient functions necessarily satisfy

aii(u
1, . . . , u︸︷︷︸

i

, . . . , uk) = aii(v
1, . . . , u︸︷︷︸

i

, . . . , vk)

γl
ii(u

1, . . . , u︸︷︷︸
i

, . . . , uk) = γl
ii(v

1, . . . , u︸︷︷︸
i

, . . . , vk)

for 1 ≤ l ≤ n. Moreover, for the interaction term follow the monotonicity condi-
tions

fi(v
1, . . . , u︸︷︷︸

i

, . . . , vk) ≤ fi(u
1, . . . , u︸︷︷︸

i

, . . . , uk),

whenever vj ≤ uj, i 6= j, for all 1 ≤ i, j ≤ k.
Sufficiency: Under the stated assumptions on a, γ and f , system (4.7) takes the
form

∂tw
i = aii(u) ·∆ui − aii(v) ·∆vi −

∑n
l=1

[
γl

ii(u) · ∂xl
ui − γl

ii(v) · ∂xl
vi

]
+fi(u)− fi(v)

w|t=0 = w0

w|∂Ω = 0

for 1 ≤ i ≤ k with initial data w0 ∈ K+. Equivalently to the claim we prove for
the corresponding solution w = w( · , t; w0) that (wi

0)− = 0 implies wi
− = 0 a.e. in

Ω for t > 0 and all 1 ≤ i ≤ k. Notice that the assumptions on the functions aii

lead to the equality

aii(v) =

∫ 1

0

d

ds
aii(v

1, . . . , svi + (1− s)ui, . . . , vk)ds + aii(v
1, . . . , ui, . . . , vk) =

= (vi − ui)

∫ 1

0

∂iaii(v
1, . . . , svi + (1− s)ui, . . . , vk)ds +

+aii(u
1, . . . , ui, . . . , uk),
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for all 1 ≤ i ≤ k. Hence, we obtain

aii(u) ·∆ui − aii(v) ·∆vi =

= aii(u) ·∆wi + wi ·
∫ 1

0

∂iaii(v
1, . . . , svi + (1− s)ui, . . . , vk)ds ·∆vi =

= aii(u) ·∆wi + wi · ãii(v
1, . . . , svi + (1− s)ui, . . . , vk) ·∆vi

and, analogously, for the functions γl
ii follows

γl
ii(u) · ∂xl

ui − γl
ii(v

1, . . . , vk) · ∂xl
vi =

= γl
ii(u) · ∂xl

wi + wi ·
∫ 1

0

∂iγ
l
ii(v

1, . . . , svi + (1− s)ui, . . . , vk)ds · ∂xl
vi =

= γl
ii(u) · ∂xl

wi + wi · γ̃l
ii(v

1, . . . , svi + (1− s)ui, . . . , vk) · ∂xl
vi,

for all 1 ≤ l ≤ n and 1 ≤ i ≤ k. Multiplying the i-th equation by wi
− and

integrating over Ω yields

−∂t‖wi
−‖2

L2(Ω) = −
∫

Ω

aii(u) ·∆wi
− · wi

−dx−

−
∫

Ω

(wi
−)2 · ãii(v

1, . . . , svi + (1− s)ui, . . . , vk) ·∆vidx +

+
n∑

l=1

∫
Ω

[
γl

ii(u) · ∂xl
wi
− · wi

−

+(wi
−)2 · γ̃l

ii(v
1, . . . , svi + (1− s)ui, . . . , vk) · ∂xl

vi
]
dx +

+

∫
Ω

(fi(u)− fi(v)) · wi
−dx.

Taking into account the homogeneous Dirichlet boundary conditions we derive for
the first term of the right-hand side

−
∫

Ω

aii(u) ·∆wi
− · wi

−dx =

∫
Ω

O
(
(aii(u) · wi

−
)
· Owi

−dx =

=

∫
Ω

aii(u) · |Owi
−|2dx +

k∑
j=1

∫
Ω

∂jaii(u) · Ouj · wi
− · Owi

−dx.

Moreover, the second integral can be estimated by

k∑
j=1

∫
Ω

|∂jaii(u) · Ouj · wi
− · Owi

−|dx ≤ c1

∫
Ω

n∑
l=1

|∂xl
wi
−| · |wi

−|dx,
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for some constant c1 ≥ 0. Here, we used the assumption aii ∈ C1(Rk) and the fact
that uj and |Ouj| are in L∞(Ω). For the second term we obtain

−
∫

Ω

(wi
−)2 · ãii(v

1, . . . , svi + (1− s)ui, . . . , vk) ·∆vidx =

= −2

∫
Ω

Owi
− · wi

− · ãii(v
1, . . . , svi + (1− s)ui, . . . , vk) · Ovidx−

−
∫

Ω

(wi
−)2 ·

k∑
j=1,j 6=i

∫ 1

0

∂j∂iaii(v
1, . . . , svi + (1− s)ui, . . . , vk)ds · Ovj · Ovidx−

−
∫

Ω

(wi
−)2 ·

k∑
j=1

∫ 1

0

∂2
i aii(v

1, . . . , svi + (1− s)ui, . . . , vk) · sdsO(vi − ui) · Ovidx ≤

≤ c2

∫
Ω

n∑
l=1

|∂xl
wi
−| · |wi

−|dx + c3‖wi
−‖2

L2(Ω),

for some constants c2, c3 ≥ 0. Again, we used that u, v, |Ou| and |Ov| belong to
the space L∞(Ω) and the assumption on the partial derivatives of the functions
aii. Similarly, we estimate the convection terms

∣∣− n∑
l=1

∫
Ω

γl
ii(u) · ∂xl

wi
− · wi

− + (wi
−)2 · γ̃l

ii(v
1, . . . , svi + (1− s)ui, . . . , vk) · ∂xl

vidx
∣∣

≤ c4 ·
∫

Ω

n∑
l=1

|∂xl
wi
−| · |wi

−|dx + c5‖wi
−‖2

L2(Ω),

for some constants c4, c5 ≥ 0, where we used that γl
ii ∈ C1(Rk) for 1 ≤ l ≤ n as

well as the boundedness of u, v and |Ov| on Ω. Finally, we observe

fi(u)− fi(v) = fi(u)− fi(v
1, . . . , ui, . . . , vk) +

+wi ·
∫ 1

0

∂ifi(v
1, . . . , svi + (1− s)ui, . . . , vk)ds.
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Hence, for the remaining integral follows

−
∫

Ω

(fi(u)− fi(v)) · wi
−dx =

= −
∫

Ω

(
fi(u

1, . . . , uk)− fi(v
1, . . . , ui, . . . , vk)

)
· wi

−dx−

−
∫

Ω

∫ 1

0

∂ifi(v
1, . . . , svi + (1− s)ui, . . . , vk)ds · (wi

−)2dx ≤

≤
∣∣− ∫

Ω

∫ 1

0

∂ifi(v
1, . . . , svi + (1− s)ui, . . . , vk)ds · (wi

−)2dx
∣∣ ≤

≤ c6‖wi
−‖2

L2(Ω),

for some constant c6 ≥ 0. We used that fi ∈ C1(Rk) and the assumption

fi(v
1, . . . , u︸︷︷︸

i

, . . . , vk) ≤ fi(u
1, . . . , u︸︷︷︸

i

, . . . , uk).

This is a priori only true for vj ≤ uj for i 6= j, 1 ≤ j ≤ k. However, similar argu-
ments as at the end of the proof of Theorem 3.2 justify this inequality. Summing
up and estimating all integrals of the form

∫
Ω

∑n
l=1 |∂xl

wi
−| · |wi

−|dx by Young’s
inequality we deduce

∂t‖wi
−‖2

L2(Ω) ≤ C · ‖wi
−‖2

L2(Ω),

for some constant C ≥ 0. Applying Gronwall’s lemma and using the assumption
(wi

0)− = 0 we conclude wi
− = 0 a.e. in Ω. This proves that the order is preserved

by the solutions u and v for t > 0.

A direct consequence of this result is the generalization for an arbitrary order
relation. We formulate necessary and sufficient conditions for the system of quasi-
linear equations to be order preserving with respect to the order -.

Theorem 4.6. In addition to the hypothesis of Theorem 2.3 we assume that the
second partial derivatives of the diagonal coefficient functions exist and belong to
the space L∞loc(Rk). Then, system (2.1) is order preserving with respect to - if and
only if the matrices a and γl are diagonal, for the diagonal coefficient functions

aii(u
1, . . . , u︸︷︷︸

i

, . . . , uk) = aii(v
1, . . . , u︸︷︷︸

i

, . . . , vk),

γl
ii(u

1, . . . , u︸︷︷︸
i

, . . . , uk) = γl
ii(v

1, . . . , u︸︷︷︸
i

, . . . , vk)

holds for all 1 ≤ l ≤ n and 1 ≤ i ≤ k, and the interaction term satisfies

fi(v
1, . . . , ui︸︷︷︸

i

, . . . , vk) ≤ fi(u
1, . . . , ui︸︷︷︸

i

, . . . , uk) if i ∈ σ1,

fi(v
1, . . . , ui︸︷︷︸

i

, . . . , vk) ≥ fi(u
1, . . . , ui︸︷︷︸

i

, . . . , uk) if i ∈ σ2,
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whenever vj ≤ uj, for j ∈ σ1 and uj ≤ vj for j ∈ σ2, j 6= i.

Proof. Let u0 and v0 be given initial data satisfying the assumptions of Theorem 2.3
and assume u0 % v0. We show that by the corresponding solutions u = u( · , t; u0)
and v = v( · , t; v0) the order is preserved, that is u % v for t > 0, if and only if a,
γ and f fulfill the stated conditions. Defining w by

wi :=

{
ui − vi if i ∈ σ1

−(ui − vi) if i ∈ σ2

it satisfies the system
∂tw = ã(u) ·∆u− ã(v) ·∆v − γ̃(u) ·Du + γ̃(v) ·Dv + F (w)

w|t=0 = w0

w|∂Ω = 0,

where w0 ∈ K+ and the function F is defined by

Fi(w) :=

{
fi(u)− fi(v) i ∈ σ1

−(fi(u)− fi(v)) i ∈ σ2

for 1 ≤ i ≤ k. Moreover, the coefficient functions of the diffusion matrix ã are
given by

ãij(u) :=

{
aij(u) if j ∈ σ1

−aij(u) if j ∈ σ2

and of the convection matrix by

γ̃l
ij(u) :=

{
γl

ij(u) if j ∈ σ1

−γl
ij(u) if j ∈ σ2

for all 1 ≤ i, j ≤ k and 1 ≤ l ≤ n. By Theorem 4.5 we conclude for the cor-
responding solution w = w( · , t; w0) that w0 < 0 implies w < 0 for t > 0 if and
only if the matrices a and γl satisfy aij(u) = γij(u) = 0, for i 6= j, 1 ≤ i, j ≤ k,
moreover

aii(u
1, . . . , u︸︷︷︸

i

, . . . , uk) = aii(v
1, . . . , u︸︷︷︸

i

, . . . , vk),

γl
ii(u

1, . . . , u︸︷︷︸
i

, . . . , uk) = γl
ii(v

1, . . . , u︸︷︷︸
i

, . . . , vk),
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for 1 ≤ l ≤ n, and the interaction term f satisfies

Fi(v
1, . . . , u︸︷︷︸

i

, . . . , vk) ≤ Fi(u
1, . . . , u︸︷︷︸

i

, . . . , uk),

whenever wj ≥ 0 for 1 ≤ i, j ≤ k, i 6= j. By the definition of w, the claim that
w0 < 0 implies w < 0 for t > 0 is equivalent to the claim that system (2.1) is order
preserving with respect to -.

5 Generalized Boundary Conditions

In this section we discuss whether Theorems 2.3 and 3.2 remain valid under more
general boundary conditions. Recall that we always assumed homogeneous Dirich-
let conditions. It turns out that for semi-linear systems the positivity criterion
remains identical for all relevant boundary values of the solution.

5.1 Semi-Linear Case

5.1.1 Inhomogeneous Dirichlet Boundary Conditions

Instead of homogeneous Dirichlet boundary conditions we assume the solution u
of the semi-linear system (3.4) satisfies

u |∂Ω= g,

where g : ∂Ω → Rd is a given continuous non-negative function. Notice that
the boundary conditions were not used in the first part of the proof of Theorem
3.2. Hence, the necessity of the stated conditions remains unchanged. Moreover,
it is certainly natural to require non-negative boundary data. In order to prove
the sufficiency it is enough to estimate the boundary integrals we obtain through
integration by parts. Estimating the diffusion term we now get

(ai ·∆ui
−, ui

−)L2(Ω)=

=

∫
∂Ω

∂

∂ν
(ai · ui

−) · ui
−dx−

∫
Ω

ai · |Oui
−|2dx =

=

∫
∂Ω

ai · (
∂

∂ν
ui
−) · gi

−dx−
∫

Ω

ai · |Oui
−|2dx = −ai

∫
Ω

|Oui
−|2dx,

where we used that g is non-negative, which implies ui
− |∂Ω= gi

− = 0. Con-
sequently, the proof remains the same as in the case of homogeneous Dirichlet
boundary conditions.
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5.1.2 Neumann Boundary Conditions

Next, we assume u satisfies homogeneous Neumann boundary conditions

∂

∂ν
u |∂Ω= 0.

Representing u = u+−u−, that is ∂
∂ν

ui = ∂
∂ν

ui
+− ∂

∂ν
ui
− = 0, follows ∂

∂ν
ui

+ = − ∂
∂ν

ui
−.

This implies

(ai ·∆ui
−, ui

−)L2(Ω)=

=

∫
∂Ω

ai · (
∂

∂ν
ui
−) · ui

−dx−
∫

Ω

ai · |Oui
−|2dx =

=

∫
∂Ω

ai · (−
∂

∂ν
ui

+) · ui
−dx−

∫
Ω

ai · |Oui
−|2dx = −ai

∫
Ω

|Oui
−|2dx

and the proof remains identical. In case of inhomogeneous Neumann conditions

∂

∂ν
u |∂Ω= g,

we assume the function g is continuous and non-negative, that is gi ≥ 0 for all
1 ≤ i ≤ k. This implies ∂

∂ν
ui = ∂

∂ν
ui

+− ∂
∂ν

ui
− = (gi)+− (gi)− = (gi)+ and therefore,

∂
∂ν

ui
− = ∂

∂ν
ui

+ − (gi)+ holds on the boundary ∂Ω. Estimating the diffusion term
we obtain

(ai ·∆ui
−, ui

−)L2(Ω)=

=

∫
∂Ω

ai · (
∂

∂ν
ui
−) · ui

−dx−
∫

Ω

ai · |Oui
−|2dx =

=

∫
∂Ω

ai · (
∂

∂ν
ui

+ − (gi)+) · ui
−dx−

∫
Ω

ai · |Oui
−|2dx =

= −ai

∫
∂Ω

(gi)+ · ui
−dx−

∫
Ω

ai · |Oui
−|2dx ≤ −

∫
Ω

ai · |Oui
−|2dx.

Hence, Theorem 3.2 remains valid for solutions satisfying Neumann boundary
conditions with non-negative function g.

5.1.3 Robin Boundary Conditions

Finally, we assume u satisfies mixed boundary conditions

αu + β
∂

∂ν
u
∣∣
∂Ω

= 0 with constants α, β > 0.
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It follows −α
β
(ui

+ − ui
−) = ∂

∂ν
ui

+ − ∂
∂ν

ui
−. Therefore, computing the boundary

integral we obtain∫
∂Ω

∂

∂ν
(ai · ui

−) · ui
−dx =

∫
∂Ω

ai · (
∂

∂ν
ui
−) · ui

−dx =

=

∫
∂Ω

ai · (
α

β
(ui

+ − ui
−) +

∂

∂ν
ui

+) · ui
−dx =

= −ai

∫
∂Ω

α

β
· |ui

−|2dx ≤ 0.

This term can be omitted in the estimate of the diffusion term and the proof
remains valid. For inhomogeneous Robin conditions

αu + β
∂

∂ν
u
∣∣
∂Ω

= g, with α, β > 0,

we assume the function g is continuous and non-negative. It follows α(ui
+− ui

−) +
β( ∂

∂ν
ui

+ − ∂
∂ν

ui
−) = (gi)+ − (gi)− = (gi)+ and consequently,

∂

∂ν
ui
− =

α

β
(ui

+ − ui
−) +

∂

∂ν
ui

+ −
1

β
(gi)+

holds on the boundary. This implies∫
∂Ω

∂

∂ν
(ai · ui

−) · ui
−dx =

∫
∂Ω

ai ·
(α

β
(ui

+ − ui
−) +

∂

∂ν
ui

+ −
1

β
(gi)+

)
· ui

−dx =

=

∫
∂Ω

ai · (
α

β
(−ui

−)− 1

β
(gi)+) · ui

−dx =

= −ai ·
α

β

∫
∂Ω

|ui
−|2dx− ai ·

1

β

∫
∂Ω

(gi)+ · ui
−dx ≤ 0,

and the proof continues as in the case of homogeneous Dirichlet conditions.

5.2 Quasi-linear Systems

Finally, we discuss inhomogeneous boundary data for the solution of the quasi-
linear system (2.1). The boundary integral in the proof of Theorem 2.3 yields∫

∂Ω

∂

∂ν
(aii(u) · ui

−) · ui
−dx =

k∑
j=1

∫
∂Ω

|ui
−|2∂jaii(u)Ouj · νdx +

+

∫
∂Ω

ui
−aii(u)Oui

− · νdx. (5.8)
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If we do not impose further restrictions on the diagonal diffusion coefficient func-
tions aii, the proof remains valid for inhomogeneous Dirichlet boundary con-
ditions

u|∂Ω = g,

with non-negative g. Indeed, if the boundary data satisfies gi ≥ 0 for all 1 ≤ i ≤ k,
it follows ui

− = 0 on the boundary and both integrals in (5.8) vanish. The same
applies in case of homogeneous Neumann conditions

∂ui

∂ν
|∂Ω = 0.

Here we deduce ∂
∂ν

ui
+ = − ∂

∂ν
ui
− and the integrals in (5.8) are zero as the supports

of u+ and u− are disjoint.

6 Further Generalizations

The method used to prove the sufficiency of the stated conditions in Theorem 2.3
is applicable for various, more general parabolic systems. In order to illustrate
this, we consider the degenerate parabolic system

∂tu = a ·∆Φ(u) + F (u) Ω × (0, T ]

u|t=0 = u0 Ω × {0}
u|∂Ω = 0 ∂Ω × [0, T ],

where the density dependent diffusion term is given by

∆Φ(u) =
(
∆(u1)m, . . . , ∆(uk)m

)
with m ∈ N, m > 2. As before, ui, 1 ≤ i ≤ k, denotes the i-th component
of the vector-valued function u = (u1, . . . , uk). We claim that the solution u
corresponding to non-negative initial data u0 remains non-negative, if and only if
the matrix a is diagonal and F satisfies

Fi(u
1, . . . , 0︸︷︷︸

i

, . . . , uk) ≥ 0 for u1 ≥ 0, . . . , uk ≥ 0.

The necessity of these conditions can be obtained exactly as in the proof of The-
orem 2.3. In order to show that these assumptions are sufficient we assume a is
diagonal, a = diag(a1, . . . , ak). The system then takes the form

∂tu
i = ai ·∆((ui)m) + Fi(u

1, . . . , uk).
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Multiplying this equation by ui
− and integrating over Ω leads to

−1

2
∂t‖ui‖2 = −ai

∫
Ω

O((ui)m) · Oui
−dx +

∫
Ω

Fi(u
1, . . . , uk) · ui

−dx =

= −ai ·m · (−1)m−1

∫
Ω

(ui
−)m−1 · |Oui

−|2dx +

∫
Ω

Fi(u
1, . . . , uk) · ui

−dx,

where we took into account the homogeneous Dirichlet boundary conditions. There-
fore, it follows

1

2
∂t‖ui‖2 =

= ai ·m · (−1)m−1

∫
Ω

(ui
−)m−1 · |Oui

−|2dx−
∫

Ω

Fi(u
1, . . . , uk) · ui

−dx. (6.9)

The last integral can be estimated analogously as in the proof of Theorem 2.3,

−
∫

Ω

Fi(u
1, . . . , uk) · ui

−dx ≤ C · ‖ui
−‖2.

If m is odd, the first term in (6.9) can be omitted and the claim follows immediately
by Gronwall’s Lemma and the assumption (ui

0)− = 0. Otherwise, for even m > 2,
we may assume that ui

− and Oui
− are in L∞(Ω) to obtain an estimate of the form

∂t‖ui‖2 ≤ c · ‖ui‖2,

for some constant c ≥ 0. As before, we conclude ui
− = 0 a.e. in Ω.

7 Applications

7.1 Chemotaxis

The Keller-Segel model describes the dynamics of a population in a domain Ω
following the gradient of a chemotactic agent, which is produced by the popula-
tion itself. Based on this model, the following parabolic system was analyzed by
Jäger and Luckhaus in [9]. The population density u and concentration of the
chemotactic agent v satisfy

ut = ∆u− χ · O(uOv) in Ω × (0,∞)

vt = ∆v − (u− 1) in Ω × (0,∞)
∂u
∂ν

= ∂v
∂ν

= 0 on ∂Ω × [0,∞)

u(·, 0) = u0, v(·, 0) = v0 in Ω × {0},

(7.10)
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where χ is a positive constant. Moreover, Ω ⊂ R2 is assumed to be open and
bounded with C1-boundary. The initial data u0, v0 ∈ C1(Ω) satisfy the boundary
conditions and u0, v0 ≥ 0. Note that the first equation of (7.10) can be written as

ut = ∆u + χ · Ou · Ov + χ · u∆v. (7.11)

The cross-diffusion term is of the form required for the positivity of the solution u
in Theorem 2.3. Moreover, we see that the proof of Theorem 2.3 can be generalized
to system (7.10). Indeed, if we multiply the second term in (7.11) by u−, integrate
over Ω and use Young’s inequality, we obtain the estimate

|χ
∫

Ω

Ou · Ov · u−dx| ≤ ε

∫
Ω

|Ou−|2dx + C

∫
Ω

|u−|2dx

for some constant C ≥ 0. Under the assumption that u, v and their gradients
satisfy L∞-estimates Theorem 2.3 implies that the density u is non-negative. Fur-
thermore, if the density u is bounded by 1, the positivity of the concentration v
follows as the interaction term in the second equation then satisfies −(u− 1) ≥ 0.

Remark 7.1. Our criterion applies in the same way to so-called chemotaxis growth
models. See [12] for instance, where a model to study aggregating patterns of
bacteria due to chemotaxis and growth was presented.

7.2 A System of PDEs Including the Effect of Porous Medium
and Chemotaxis

Let Ω ⊂ Rn be open and bounded with C1-boundary ∂Ω. The following type of
equations arises in the modelling of biomass spreading mechanisms via chemotaxis

Mt = O(Mα · OM)− O(Mγ · Oρ) + f(M, ρ) in Ω × (0,∞)

ρt = ∆ρ− g(M, ρ) in Ω × (0,∞)

M = 0, ρ = 1 on ∂Ω × [0,∞)

M(·, 0) = M0, ρ(·, 0) = ρ0 in Ω × {0},

(7.12)

with smooth initial data satisfying the boundary conditions and M0, ρ0 ≥ 0. The
constants α and γ are assumed to fulfill γ + 1 ≤ α ≤ 2γ + 2 and γ + 1 ≤ α (which
implies α ≥ 4, γ ≥ 3). This system was analyzed in [6], where the well-posedness
is proved for the dimensions n = 1, 2, 3.

First, we apply Theorem 2.3 to derive conditions on the function g that yield
the positivity of the density ρ. According to our criterion and the results of Section
5 the solution ρ(·, ·; ρ0) corresponding to initial data ρ0 ≥ 0 remains non-negative
if and only if the interaction term satisfies

g(M, 0) ≤ 0 whenever M ≥ 0. (7.13)
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Note that the L∞-property of the solutions was essential for the proof of Theorem
2.3. However, we may apply Theorem 2.3 to additionally deduce a necessary
condition on the interaction term g for the boundedness of ρ. Defining the function
ρ̃ := 1 − ρ, the density ρ is bounded by 1 if and only if ρ̃ is non-negative. By
Theorem 2.3, this is the case if and only if

g(M, 1) ≥ 0 whenever M ≥ 0. (7.14)

Indeed, the function ρ̃ satisfies

ρ̃t = ∆ρ̃ + g(M, ρ) in Ω × (0,∞)

with homogeneous boundary conditions ρ̃|∂Ω = 0. The interaction term g in [6] is
of the form

g(M, ρ) = g0(ρ)M + c1ρ,

where the constant c1 > 0, the function g0 satisfies g0(0) = 0 and

0 ≤ g0(ρ) ≤ c2 for some constant c2 > 0 and ρ ≥ 0.

Hence, conditions (7.13) and (7.14) are clearly satisfied. Furthermore, by Theorem
2.3, the density M remains non-negative if the interaction term satisfies f(0, ρ) ≥ 0
for all ρ ≥ 0. This is certainly true due to the assumption

−f1M
2 ≤ f(M, ρ) ≤ f2M − f3M

2,

which was made in [6].

7.3 Biofilm Model

We assume Ω ⊂ Rn is an open and bounded subset with C1-boundary ∂Ω. The
following non-linear density-dependent system of reaction-diffusion equations de-
scribes the spacial spreading of biomass during the development of microbial films.
The function C represents the substrate concentration and M the biomass density,
they satisfy

Mt = d1O
(
DM(M)OM

)
+ k3

MC
k2+|C| − k4M in Ω × (0, T )

Ct = d2∆C − k1
CM

k2+|C| in Ω × (0, T )

C = 1, M = 0 on ∂Ω × [0, T ]

C(·, 0) = C0, M(·, 0) = M0 in Ω × {0},

(7.15)

where the constants d1, d2 > 0 and k1, k2, k3, k4 ≥ 0. The density-dependent
diffusion coefficient for the biomass M is given by

DM(M) :=
|M |a

(1−M)b
OM
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with exponents a, b ≥ 1. Moreover, the initial data is assumed to be smooth,
satisfies the boundary conditions and u0, v0 ≥ 0. Theorem 2.3 yields the positivity
of the solutions.

Indeed, the existence of solutions of system (7.15) was proved in [1] considering
the non-degenerate auxiliary system

Mt = d1O(Fε(M)OM) + k3
MC

k2+|C| − k4M in Ω × (0, T )

Ct = d2∆C − k1
CM

k2+|C| in Ω × (0, T )

C = 1, M = 0 on ∂Ω × [0, T ]

C(·, 0) = C0, M(·, 0) = M0 in Ω × {0},

(7.16)

where the function Fε is given by

Fε(z) :=

{
|z+ε|b
(1−z)a z ≤ 1− ε

za z > 1− ε,

for 0 < ε < 1. This system is regular parabolic and quasi-linear without cross-
diffusion terms. Using a comparison theorem for parabolic systems it was proofed
in [1] that the solutions M ε and Cε of the auxiliary system satisfy Cε, M ε ≤ 1 and
consequently 0 ≤ Fε(M) ≤ 1 holds. The function Cε satisfies Dirichlet boundary
conditions Cε|∂Ω = 1. Hence, by Theorem 2.3 and the results of Section 5 the
solution Cε(·, t; C0) remains non-negative for t > 0 as the interaction term

g(M, C) := −k1
CM

k2 + |C|

satisfies g(M, 0) ≥ 0. The positivity of M ε follows as well from Theorem 2.3 as

f(M, C) := k3
MC

k2 + |C|
− k4M

satisfies f(0, C) ≥ 0. However, recalling the proof of Theorem 2.3 we see that
the positivity of M ε and Cε can be deduced without the L∞-assumption on the
solutions. Indeed, we multiply the first equation of (7.16) by M ε

− and integrate
over Ω, which leads to the following estimate for the interaction term

|
∫

Ω

f(Cε, M ε)M ε
−dx| ≤ k3

∫
Ω

∣∣∣ Cε

k2 + |Cε|

∣∣∣ · |M ε
−|2dx+k4

∫
Ω

|M ε
−|2dx ≤ c‖M ε

−‖L2(Ω),

for some constant c ≥ 0. This implies the positivity of the biomass density M ε.
Next, multiplying the second equation of (7.16) by Cε

− and integrating over Ω
yields

1

2

∂

∂t

∫
Ω

|Cε
−|2dx ≤ −k1

∫
Ω

M ε

k2 + |Cε|
· |Cε

−|2dx ≤ 0,

27



where we used the positivity of M ε. This certainly implies that Cε
− = 0 a.e. in Ω.

It was shown that the solutions M ε and Cε converge to the solutions M and C of
the original system in Cloc(R+; L2(Ω)). This proves the positivity of the solutions
M and C of the original system (7.15) (cf. [1]).

7.4 Quorum Sensing

Finally, we show the positivity of solutions of a mathematical model describing
quorum sensing in biofilm communities. Quorum sensing is a mechanism of cell
communication to coordinate behavior in groups and gene production by the pro-
duction of extracellular signalling molecules. The dependent variables of the model
are the density of the signaling molecule A, the concentration of the growth lim-
iting nutrient C, the down-regulated biomass density M0 and the up-regulated
biomass fraction M1. Cells constantly produce and release signalling molecules,
when a critical concentration of the signalling molecule is reached, the cells un-
dergo changes. These cells are then called up-regulated and produce the signalling
molecule at an increased rate. The following model was analyzed in [7]

M0
t = O(DM(M)OM0)

+k3
M0C
k2+C

− k4M
0 − k5A

nM0 + k5M
1 in Ω × (0, T )

M1
t = O(DM(M)OM1)

+k3
M1C
k2+C

− k4M
1 + k5A

nM0 − k5M
1 in Ω × (0, T )

Ct = d1∆C − k1
CM

k2+C
in Ω × (0, T )

At = d2∆A− γA + αM0 + (α + β)M1 in Ω × (0, T )

M0 = 0, M1 = 0, C = 1, A = 1, on ∂Ω × [0, T ]

M0 = M0
0 , M1 = M1

0 , C = C0, A = A0, in Ω × {0},

(7.17)

where M := M0+M1 and the density-dependent diffusion coefficient DM is defined
as in the previous section. The constants d1, d2 > 0 and k1, . . . , k5, α, β ≥ 0.
Moreover, we assume the initial data is smooth, satisfies the boundary conditions
and

0 ≤ C0(x), A0(x), M0
0 (x), M1

0 (x) ≤ 1, x ∈ Ω.

As in the single species biofilm model, the existence of solutions is shown by a
non-degenerate approximation of system (7.17). Under the assumption that the
solutions satisfy L∞-estimates, the positivity of the densities (of the auxiliary
system) follows by Theorem 2.3. Sufficient for the boundedness of the solutions is
the condition γ ≥ α + β.

Remark 7.2. In a forthcoming paper we will consider the positive invariance of
the positive cone for systems of stochastic partial differential equations (cf. [2]).
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