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Abstract

We present a criterion for preserving the positive cone for a large class
of quasi-linear parabolic systems. It is easy to apply and allows to verify
mathematical models. As an application we consider new models arising in
the modelling of biofilms.
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1 Introduction

The solutions of many systems of convection-diffusion-reaction equations arising
in biology, physics or engineering describe such quantities as population densities,
pressure or concentrations of nutrients and chemicals. Thus, a natural property to
require for the solutions is positivity. Models that do not guarantee positivity are
not valid or break down for small values of the solution. In many cases, showing
that a particular model does not preserve positivity leads to a better understanding
of the model and its limitations. One of the first steps in analyzing ecological or
biological models mathematically is to test whether solutions originating from
non-negative initial data remain non-negative (as long as they exist). In other
words, the model under consideration ensures that the positive cone is positively
invariant.
For scalar equations the non-negativity of solutions emanating from non-negative

initial data is a direct consequence of the maximum principle, see [13] and [11].



However, for systems of equations the maximum principle is not valid. In the
particular case of monotone systems the situation resembles the case of scalar
equations, sufficient conditions for preserving the positive cone can be found in
[14]. In this article we will formulate a criterion, that is, we will state necessary
and sufficient conditions, for the positivity of solutions of systems of quasi-linear
and semi-linear convection-diffusion-reaction-equations. It provides the modeler
with a tool, which is easy to verify, to approach the question of positive invari-
ance of the model. It turns out that for semi-linear systems, the diffusion and
convection matrices need to be diagonal, while the quasi-linear case is essentially
different. Here, cross-diffusion and -convection terms are allowed, however, the
matrices are of a very particular form.

Our concern is not the existence but the qualitative behavior of the solutions.
In order to formulate our criterion we will assume that for arbitrary initial data
a unique solution of the boundary-value problem exists. As a consequence of
our main theorem we derive comparison theorems for systems of quasi-linear and
semi-linear convection-diffusion-reaction equations.

2 Main Result

We consider systems of quasi-linear equations of the form

Ou = a(u) - Au—~y(u) - Du+ f(u) £ x(0,T]

o = o 0% {0} 2.)
u‘ag =0 of2 x [O,T],
where u is a vector-valued function u(z,t) = (ul(x,t),...,u*(x,t)) of x € 2 and

t €[0,7]. We assume T' > 0 and {2 is an open and bounded subset of R", n € N.

Assumption 2.1. The diffusion matriz a = (a;;(u))1<ij<k 15 a k X k-matriz with
density-dependent coefficient functions a;; : R¥ — R and satisfies the parabol-
icity assumption a(u) + a(u)* > 0. Moreover, let the interaction term f(u) =
(fi(u), ..., fe(u)) satisfy f € CHR*;R¥) and the diffusion term be given by y(u) -
Du = > 7 (u) - Oyu, where the coefficient functions of the k X k-matrices
Y (u) = (7};(u)1<ij<k depend on u. The derivatives Oy,, as well as the Laplacian
A= A,, are applied componentwise.

In order to formulate our criterion for the positivity of solutions of this system
of parabolic equations, we define the positive cone as the set of non-negative vector-
valued functions with components in L?({2). Our aim is to prove that the positive
cone is a positively invariant region of system (2.1).



Definition 2.2. By Kt :={u: 2 - R* | v’ € L*(2), v* >0 ae., i=1,...,k}
we denote the positive cone, that is the set of all non-negative vector-valued
functions on §2.

We especially emphasize that in the sequel we assume that for any
initial data uy € K* there exists a unique solution of system (2.1) and
for all t the solution and their derivatives with respect to x satisfy L>-
estimates. This property of the solutions will be essential for the proof of our
main theorem. Sufficient conditions on the data justifying this assumption can be
found in [10], [4] and [5].

The following theorem provides a criterion, which ensures that all solutions
u( -, +;u,) 0 2% [0,T] — R¥ of system (2.1) originating from non-negative initial
data up € K remain non-negative (as long as they exist).

Theorem 2.3. Let f and the matrices a,~', 1 <1 < n, fulfill the assumptions in
2.1. Moreover, we assume the coefficient functions of a and ~ are in C*(R¥;R),
the second partial derivatives of a;; for 1 < 1,5 < k,it # j, exist and belong to
the space L3 (R¥). Moreover, let the initial data uy € K+ and satisfy uglag = 0.
Then, the solution remains non-negative, that is u( ., t;ug) € K+ fort >0, if and
only if the interaction term satisfies
1 k 1 k
fi(u ,...,\(i)/_/,...,u ) >0 foru >0,...,u">0

and for the matrices a and ~'

aij(u', ..., 0 ,...,uk):’yfj(ul,..., 0 ,...,uF)=0
i i

holds for all 1 <i,5 <k,i# j, and 1 <1 <mn. This implies, the matrices can be
represented as

ap(u)  wlcAp(u) ut-A(u) - ub- Ag(u)
u? - Agi(u)  age(u)  w?-Agz(u) - u? - Agk(u)
a(u) =
uf - Ay (u) uF - Apo(u) uP - Ags(u) - akr(u)
Yia(u) wt-Tp(u) ul-Tig(u) oo ul - T (u)
u? Th(u)  yee(u)  w?T(u) e w? Ty(u)
Y(u) =
uf - Iy (u) ut - Tig(u) - Tig(u) - ik (1)
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with bounded functions A;j(u) and I};(u), i # j,1 <1 <n.

Proof. Necessity: We assume the solution wu(-,¢;uy) corresponding to initial
data uy € KT remains non-negative for ¢ > 0 and prove the necessity of the stated
conditions. In the following we will make formal calculations, for its validity we
refer to [10]. Taking smooth initial data uy and an arbitrary function v € KT,
that is orthogonal to ug, we obtain

u(-,t;up) — ug

(Orutle=o, v) L2(2RF) (tli%i / ’U)LQ(Q;]Rk) -
(e tug) .U B
= )j& ( 7 7”)L2(9;Rk) - tlf(]i (77 U)Lz(Q;Rk) =
: 'LL( R ta Uo)
= B (5 Yeery 20

where we used the orthogonality of ug and v as well as the assumption u( -, ¢;ug) €
K*. On the other hand, since u is the solution of system (2.1) corresponding to
initial data ug, we obtain

(8tu|t:0,v)L2(Q;Rk) = (a(uo) - Aug — ¥(up) - Dug + f(uo), U)LQ(Q;Rk) >0. (2.2

In particular, for fixed i € {1,...,k} choosing the functions ug = (@',..., 0 ,...,a")
and v = (0,..., 9 ,...,0) with @' > 0,...,a* > 0,9 > 0, leads to the scalar
~
inequality
k n k
J (X o) 45 =37 37 a(w) - 0,0+ filwn)) -0 do 2 0.
Q" =1, I=1 j=1,j#i
As this inequality holds for arbitrary non-negative © € L*(§2), we get the pointwise
estimate
k n k
Z aij(uo) . Aﬁj — Z Z ”yf](uo) . a’rlﬁj + fl(uo) 2 0 a.e in £2. (23)
j=1ji I=1 j=1,j#i
This implies for 1 < j <k, j#iandall 1 <[ <n
ag(@',...,0,..., @) =~ (@', ...,0,...,a") =0.
Moreover, fi(a!,...,0,...,@*) >0 for a* > 0,...,%* > 0. Hence, the matrices a

and v are necessarily of the stated form and the components of the interaction
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term fi, 1 < i <k, satisfy f;(ul,..., 0 ,...,uF)>0foru! >0,...,u* >0.

i
Sufficiency: We show that under the given conditions on a,~ and f the solution
corresponding to initial data uy € K remains non-negative for ¢ > 0. In this case,
the system of equations takes the form

8tui:a”( ) AU/ + Z U, AZ] Auj Z’YM ) xl

J=1j#i

—Z Z u ) - O + filu),

I=1 j=1,j#i

1 <@ <k, where the functions A;;, Fl R* — R are defined as

) :/ Draij(ut, ... suly .. ub)ds,
0
1 .
:/ aﬁfj(ul,...,su’,...,uk)ds.
0

Let u € L*(£2). Introducing its positive and negative part u, := max{u,0},
respectively u_ := max{—u, 0}, we can represent u = uy —u_ and |u| = uy +u_.
By the definition immediately follows u_u, = 0. It is a well-known fact that for
u € HY(£2) also uy,u_ € H'(§2) holds and

-D D
Du. — u u<0 Du, = u u>0
0 u>0 0 u <0

(cf. [8]). This certainly implies
Duyu_ =uy Du_ = Duy Du_ = 0.

In order to prove the positivity of the solution w = u(-, -;u,) corresponding to
initial data ug € K+ we show that (u})_ = 0 a.e. implies u’ = u'(-,t;u,)_ =0
a.e. fort > 0,1 < i < k. Multiplying the i-th equation by v* and integrating over
2 yields

( ui, ui)Lz(Q)

= (au(u) - Au',ul) 2 (o) + Z (u' - Agj(u) - Au?, ul ) r2g)
J=Lj#
n n k
- Z(%lz(u) aﬂcluau )LZ(Q)_ Z (UZ FZZ( ) &Elu U )LQ(Q)+
= I=1 j=1,j#i



Note that the left-hand side of the equation can be written as
i i 1 Q2
(O’ ul)r2) = = (Ol ul)rxo) = =50 |ullz2().

By assumption the solution satisfies u’ € L>(£2) as well as d,,u* € L>(£2), for
all 1 <1 < kand 1 < j < n. Taking into account the homogeneous Dirichlet
boundary conditions we obtain for the first term of the right-hand side of the
equation

(@i () - AUi,Ui_)L2(Q)
= —(ay(u) - Au' ,u' )20 = / V(ag(w) -u') - vu' dr =
0

= /a“( ) - | vut |2d$+2/8au vl -t - vul dr.

Furthermore, the second integral can be estimated by

k n
Z/ 0;a4(u) - V! - ' - vu' |de < Cy - / Z 0, u’ | - |u’ |de,
j=1 71 2 m=1

for some constant C; > 0. Here, we used the boundedness of the functions v/ and
their derivatives 9, u’, 1 < m < n, as well as the assumption a; € C*(R*). For
the second diffusion term we obtain

k

‘( Z u' - Al](u) ’ Auja ul L2(Q Z/ z] Au]dx|

=15

= 13 [ () () vwida <
Z (/ 2- Ay (u) - ul - vul - vl |de +

)

/QZ\al () - T (o) 0| d) <

=1

IN

for some constants Co, C3 > 0. As before, we used the fact that «’ and 0, u’ are
in L>(£2), for all 1 < j < k,1 < m < n, and the assumption 0,0;a;; € L (12).

loc
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Similarly, we derive an estimate for the convection terms

}_Z%z aﬂvzu u Z Z c%u u L2 Q)}<
=1

=1 j=1,j#i

/Zhw Ox, U ‘dx+/z Z ‘ aa:lu] i_)2|dm§

=1 j=1,j#i

< G [ 30 Bt o+ o i
m=1

for some constants Cy,C5 > 0. Here, we used the assumption %l»j € C(R*) and
the boundedness of v’/ and 9, v/, 1 < j < k,1 < m < n. It remains to estimate
the interaction term. By assumption f € C1(R¥;R¥), so we can write

1
filut, . ub) = fi(ut,. .., 0 ,...,uk)—i—ui-/o Oifi(ut, ... su',. .. uF)ds,

i

that is, fi(ul,...,u*) = fi(ul,...,0,...,u¥) +u'- Fy(ul,... u¥), with a bounded
function F; : R¥ — R. Consequently, the last integral yields

filu) v dx = /fi w0, db) - L db) uh de =
| 5w RN ( )

= fitut,..., 0 ... u" -uidx—/ ut 12 Fy(ud . b de
| Do [ A )

Summing up all terms we obtain
1. .
_8t||ui|’%2(9) +/ aii(u) - |vu' [Pdz <
Q
< Cs- / Z 10, ul| - Jul|dz + C7 - [|ul ||L2(Q)

/f, . ...,uk)-ui_dx,

for some constants Cg, C; > 0. Taking into account the hypothesis a;;(u) > 0 and
using Young’s inequality to estimate the terms

/Z|8Imui_|-|ui_|dm§/6|Vui_|2+05|ui_|2dx
(o — o}



follows

1 i i ky i

§at||u—||%2((2) S c: ||u—||%2(ﬁ) - A f’i(ulﬂ BN 0 gy U ) : U_dl’,
for some constant ¢ > 0, if we choose € > 0 sufficiently small. Under the hypothesis
fi(ut,...,0,...,u*) > 0 (which was a priori only assumed for u* > 0,...u* > 0)
the inequality ' '

Orllulllz2 () < e ullZ2(0),
follows. By Gronwall’s Lemma and the initial condition (uj)_ = 0 we conclude
|u’|| 222y = O, that is u” = 0 a.e. in 2.
It remains to justify our assumptions on the functions f;. Instead of the original

system (2.1) we consider the modified system

Ayt = a(d) - At —~(a) - Da+ f(a) 2 x (0,T]
lAL|t:0 = Uy 2 % {O}
’&|ag =0 012 x [O,T],

where the function f is given by
fi@t, . kY = f(at, .0, |aRf )+t Fat, .. ak)

with F; as defined above. Following the same arguments we conclude for the
solution 4 of this modified system that ug € K implies u( -, t;uq) € K+ for t > 0.
However, this solution @ with 4! > 0,...,4* > 0 satisfies the original system

Ou = a(u) - Au—~y(u) - Du+ f(u) 2 x (0,7]
U|t:0 = Uy {2 x {O}
ulgo =0 002 x [0,T1,
By the uniqueness of the solution corresponding to initial data ug follows u = 1,

which implies u(-,t;ug) € Kt for t > 0, and concludes the proof of the theorem.
]

3 Semi-linear Case

A special case of the systems considered in Section 2 are systems of semi-linear
convection-diffusion-reaction equations of the form

ou=a-Au—~vy-Du+ f(u) 2 x(0,T]

U|t:0 = U 2 x {0} (34)
ulpp =0 012 x [0, 71,



where u(z,t) = (u'(z,t),...,u*(z,t)) is a vector-valued function of x € §2, t €
[0,T], T >0 and {2 C R" is open and bounded.

Assumption 3.1. The diffusion matriv a = (ai;)1<ij<k @S ¢ k X k-matriz with
constant coefficients a;; € R and satisfies a+a* > 0. Moreover, let f € C*'(RF; RF),
fu) = (fi(u),..., fr(w)), and the diffusion term be given by v-Du := > ;" | 'Oy, u,
where the matrices v' = (’ij)lgi,jgk have constant coefficients ”yfj e R.

In this section we assume that for any initial data ug € K* there exists
a unique solution of system (3.4) and for all t the solution satisfies L>°-
estimates. Note that we do not assume the boundedness of the derivatives of the
solution as in Section 2. The following theorem shows that, contrary to the quasi-
linear case, system (3.4) preserves the positivity of solutions only if the diffusion
and convection matrices are diagonal.

Theorem 3.2. Let the matrices a and 71,1 < | < n, and the interaction term
f fulfill the assumptions in 3.1. Moreover, we assume the initial data ug € K™
satisfies uplao = 0. Then, necessary and sufficient conditions for the positivity
of the solution are the following: The matrices a and vy are diagonal and the
components of the reaction term satisfy

fiut,..., 0 ..., uF)>0, foru'>0,...,uF >0,

and all 1 <4 <k.

Proof. Necessity: For the convenience of the reader we will point out where the
proof simplifies in comparison to the proof of Theorem 2.3. We follow the same
arguments to deduce the inequality

(8tu|t:07 U) L2(2;RF) - (CL : AuO -7 DUO + f(u0)7 U) L2(2;RF) Z 0 (35)

for an arbitrary function v € K+, which is orthogonal to ug. Choosing the func-

tions ug = (0,..., 4 ,...,0)and v =(0,..., 0 ,...,0) witha >0, 0 > 0 and
% J

1 # j, leads to the pointwise estimate

—~—

i

i A= Ay Optit f5(0..., G _,...,00>0 ae inQ2. (3.6
=1

We prove by contradiction that the diffusion- and convection-matrices are neces-
sarily diagonal. Let us assume aj; # 0. We may choose a function that attains
its maximum in zy € (2 and whose second derivative is arbitrarily negative, for



instance, @(z) := e« =" We compute 9, a(z) = —2(z' — ) cem @ =20)” and

Atu(z) = —%e*%(‘”l*xéf + S (2t —af)?- e~ @ =20 hence, Oy, i) = 0,1 <1< n,
and Atu(zg) = —%. As € can be chosen arbitrarily small, it contradicts inequality
(3.6) in the point zy. Next, we choose the function a(z) := e <@’
vh=0,1<1<n.

This implies the matrices a and 7!, 1 < [ < n, are diagonal. Finally, we use
the functions vy = (1]1,...,\()/_/,...,11’“) and v = (O,...,\i}//,...,O), with a! >

_ el .
70) to derive

0,...,a* >0, 9 > 0 and inequality (3.6) to conclude f;(a',..., 0 ,...,a*) >0

for a' >0,...,a" > 0.

Sufficiency: We assume the matrices a and 7y are diagonal, let a = diag(ay, . .., ay)
and 7' = diag(y},...,7L), and f satisfies the assumptions of the theorem. The
system takes the form

o’ :ai-Aui—va-@xluiqui(ul,...,uk), i=1,..., k.
1=1

Multiplying the i-th equation by u* and integrating over (2 yields

1 4 . " o .
—§8t\|ui||2 = al-/ \Vul\2d:c+2fyf/ O u’ -u’dx—l—/ fi(ut, .. ub) -t de
7 —  Ja 7

First, we estimate the convection term using Young’s inequality

30k [ dut el < [ dval P+ COful P,
=1

for some constant C'(¢) > 0. The last integral is expressed exactly as in the proof
of Theorem 2.3. Hence, collecting the terms we get

1 . ,
—Op|Ju’ ||* + ai/ |vu' |2dx <
2 0
< / e|vu' 2+ Cle)|u [Pdx — / filul, .. .,0,. . ub) - ulde + CHui_Hig(Q),
2 2
for some constant C' > 0. Choosing € sufficiently small leads to the estimate

Ol | Z200y < - Ul |20,

for some constant ¢ > 0. We used fi(u!,...,0,...,u*) > 0, which was a priori only
assumed for ! > 0, 1 < i < k. However, the validity of this estimate is justified as
in the proof of Theorem 2.3. By Gronwall’s Lemma and the assumption (u})_ =0
follows u’ = 0 a.e. in 2. O
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Remark 3.3. 1. Note that Theorem 2.3 can be generalized to systems of the
form

Ou = a(u,x,t) - Au —vy(u, x,t) - Du+ f(u,z,t)

under appropriate boundedness assumptions on the coefficient functions. The
(x,t)-dependence of the coefficients reflects the heterogeneity of the medium.

2. The method used to prove that the conditions in Theorem 2.3 are sufficient
for the positivity of the solutions is applicable in more general cases. As an
example we consider a system of degenerate parabolic equations in Section 6.

3. For certain types of equations the assumption that the solution and their
derivatives satisfy L -estimates is not necessary. An example is the (quasi-
linear) biofilm model considered in Section 7.3.

Remark 3.4. For semi-linear systems it is possible to deduce necessary and suf-
ficient conditions to show that the solution originating from bounded non-negative
initial data ug € [0, 1] remains non-negative and bounded by 1. In other words,

{fue K" |1-ue K"}

is an invariant region for system (8.4). To this end we consider the function
w :=1—wu and follow the same arguments to derive conditions for the positivity
of w. In addition to the conditions in Theorem 3.2 we obtain

filut,...,1,.. . u¥) <0

forut <1,...,u* < 1. However, we need an additional assumption on the reaction
term. If it satisfies O; f; < ¢ for some constant c the claim follows.

4 Comparison Principles

Using the results of the previous sections we derive comparison theorems for sys-
tems of semi-linear and quasi-linear parabolic equations.

4.1 Semi-linear Case

Definition 4.1. Let 2 be a subset of R". We define the (partial) order relation
< on the set of vector-valued functions on §2. Let u,v : 2 — RF such that
u', vt € L2(82). We write u < v if and only if u' < v holds a.e. in 2 for all
1< <k.

11



Theorem 4.2. Under the assumptions of Theorem 3.2, system (3.4) is order
preserving with respect to < if and only if the matrices a and v are diagonal and
the reaction term f satisfies

fi(ylv"‘ "7yk)§fi(zla"'7 Yy a"'?zk)7 whenever yJSZJ7 j%l,
=~

) y )
.

3 K3

foralll <i,5 <Ek.

Proof. Let ug and vy be given initial data satisfying the assumptions of Theorem
3.2 and assume ug = vg. We prove that the order is preserved by the corresponding
solutions u = u( -, t;ug) and v = v( -, t;vg), that is u = v for t > 0, if and only if the
matrices a and v are diagonal and the reaction term fulfills the stated monotonicity
conditions. Defining the function w := u — v it satisfies

Ow=a-Aw—~-Dw+ f(u) — f(v) £2x(0,T]

wli=o = wo 2 x {0}
w’ag =0 082 x [OaTL
where wy := ug — vg € K*. By Theorem 3.2 follows that the solution w =

w( -, t;wp) is non-negative for ¢ > 0 if and only if the matrices a and 7 are diagonal
and the function F(w) = F(u,v) := f(u) — f(v) satisfies

Fi(wl,...,\O//,...,wk)ZO for w! >0,...,w" >0
and all 1 < i < k. Thus,
Fi(u' =o', .0, .., uf =) = fitut, . o oub o db) = fi(t ot ) >0
for w/ > 17, j #4,and all 1 <i,j < k. O

Definition 4.3. We define the more general order relation -, on the set of vector-
valued functions on 2. Let oy and oy be disjoint and oy Uos = {1,...,k}. For
functions u and v as in Definition 4.1 we write u 2= v if and only if

{uj > ae.  for j € oy

w <l ae.  for j € oo

Theorem 4.4. Under the hypothesis of Theorem 3.2 system (3.4) is order pre-
serving with respect to = if and only if the matrices a and v are diagonal and the
interaction term f satisfies

fi(ylv"'a Yy a"'7yk) S fi(zlv"'a Yy 7"'azk) ifiEO’l
=~ ~

2% if i€ oy,

v
=
o
\')—‘

fi(y17"'7 ya7yk> . Yy
~ ~



whenever

Y < 2 if j € 0y

yj > Zj lfj € 09
for 7 # 1.
Proof. Let uy and vg be given initial data satisfying the assumptions of Theorem 3.2
and assume ug 2~ vg. We prove that the order - is preserved by the corresponding
solutions u = u( -, t;ug) and v = v( -, t;v), that is u 27 v for ¢ > 0, if and only if a
and v are diagonal and the reaction term f fulfills the stated conditions. Defining
the function w by

w' = S
—(u'—v") ifi€ oy

Z{ ut — vt ifi € oy
it satisfies the system
dw =a- Aw =7 - Dw+ F(w) 2 x (0,7]
wli=o = wo 2 x {0}
wlag =0 902 x 0,7
with initial data wy € KT, where the function F is defined by
filu) = filv) ifie€o
(fi(u) — fi(v)) ifi € oy.

Furthermore, the diffusion matrix a is given by

Fi(w) = Fi(u,v) := {_

G = Qg5 ifi,jEJI or i,j602
ij = .
—a;;  otherwise

and the convection matrices 7' by

~1 . ’}/fj ifi,jeal or i,jEUg
Tig =Y I .

Vij ~otherwise
forall 1 <l <nand1<4,j <k By Theorem 4.2 follows w = w(-,t;wy) € KT,

that is u 7~ v for ¢t > 0, if and only if the matrices a and ~ are diagonal and the
function F' satisfies

fiut, oo b ) — fi(oh L L 0R) >0 for i € oy,
Fi(w) = i i '
’ —(filul, .., ' uR) = filot o, Wl uR) >0 for i € oo,
i i
whenever w’ > 0, j # i, that is v/ > 17 if j € 0y and v/ > u/ if j € 05. O
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4.2 Quasi-linear Case

Next, we formulate comparison principles for the quasi-linear systems considered
in Section 2.

Theorem 4.5. In addition to the hypothesis of Theorem 2.3 we assume that the
partial derivatives of second order of the diagonal coefficient functions a;; exist
and belong to the space LSS(RF) for all 1 < i < k. Then, system (2.1) is order
preserving with respect to < if and only if the matrices a and 7' are diagonal, for

the coefficient functions a;; and vy

ag(u, ..., u ,.ooou") = au(vt, . u L 0b)
% 7

At o b)) = Akt 0b)
i i

holds for all 1 <1 <k and 1 <1 <mn, and the interaction term f satisfies

L w0 < filut ),

whenever v/ < !, fori# j and all 1 <i,j < k.

Proof. Let ug and vy be given initial data satisfying the assumptions of Theorem 2.3
and assume ug = vg. We show that the order = is preserved by the corresponding
solutions u = u( -, t;ug) and v = v( -, t;vp), that is u = v for t > 0, if and only if a,
~v and f fulfill the stated conditions. Defining the function w := u — v it satisfies

Ow = a(u) - Au— a(v) - Av

—(u) - Du+5(v) - Do+ f(u) = f(v) £2x(0,T]
W|=o = wy 2 x {0}
wlon =0 002 x [0,T7.

(4.7)

Necessity: We assume that the solutions satisfy u = v, that is w € K for ¢t > 0,
and deduce the necessity of the stated conditions. Note that the initial data is
non-negative wy := ug — vg € K*. Following the same arguments as in the first
part of the proof of Theorem 2.3 leads to the inequality

(a(w)) - Aug — a(vo) - Avg — y(uo) - Dug + y(vo) - Do + f(uo) — f(vo), S0>L2(Q; ’“

RF)
>0

for an arbitrary ¢ € K, which is orthogonal to wy. The particular choice of the

functions ug = (@*,..., @ ,...,u") and vg = (¢%,..., @ ,...,0F) with @/ > o/

% 7
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for 1 < j <k, j+#1i, and an arbitrary ¢ = (0,..., ¢ ,...,0), with non-negative
~~

@ € L*(12) yields the pointwise estimate

k
Z CL” UO ATTLJ — (l,’j(Uo) : A?NJ]] + [aii(uo) - aii(vo)] . Aﬂz —
J=1,j#i
Z Z %J ) - Oy, U + %lj(vo) -0y, 0] + Z[%‘z‘(uo) — %ii(vo)] - Oy, 0" +
=1 j=1,j#1i =1
+fi(ug) — fi(vo) >0 a.e. in 2.

We deduce a;(u', ..., u") =;(ut,...,uF) =0, forall 1 <i,j <k, i+#j, and the
diagonal coefficient functions necessarily satisfy

ag(u,. .., u ,...,uk) = az(v',..., u ,...,vk)
i i

ALt ) = AL o)
i i

for 1 <1 < n. Moreover, for the interaction term follow the monotonicity condi-
tions

L w0 < filut ),
i i

whenever v/ </, i # j, forall 1 <i,j <k.
Sufficiency: Under the stated assumptions on a, v and f, system (4.7) takes the
form

Ow' = a(u) - Au' — a(v) - Avt =371, [’Yfi(u) - Oy’ — i (v) - @czvi]
+fi(u) = fi(v)

w|t:0 = Wo

w|59 = O
for 1 < ¢ < k with initial data wg € K+. Equivalently to the claim we prove for
the corresponding solution w = w( -, ¢;wp) that (w§)_ = 0 implies w* = 0 a.e. in
2 fort > 0 and all 1 <7 < k. Notice that the assumptions on the functions a;;
lead to the equality

1
d . . ,
a;(v) = /0£an»(v1,...,svl+(1—s)uz,...,vk)ds—i—aii(vl,...,ul,...,vk):

1
= (vi—ui)/ iag (v, ... sv" + (1 —s)u',... v")ds +
0
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for all 1 <17 < k. Hence, we obtain
aii(w) - Au' — ag(v) - Av' =
1
= a;(u) - Aw' +w' - / iaz (vt ... sv' + (1 —s)u',... ,vk)ds C AV =
0

= ai(u) - Aw' +w'-ag(vh . st 4 (1= s)ut L oR) - Ay

and

analogously, for the functions 7/, follows

Ah(u) - Ogyut — Ak (0t 0R) - Ot =
= Ah(u) - Opw' +w' - /1 Ol (vt vt (1 —s)ul, ... vM)ds - O,0" =
= Al(u) - Opw' +w' - iz?i(vl, st (=)l k) - 90,

forall 1 <1 < nand 1 < i < k. Multiplying the i-th equation by w® and
integrating over (2 yields

(p]
B / (wl—)Q ’ &ii<vlv R Svi + (1 - S)uia <o 7vk> : Avldx +
%
=3 [ - ot -ut
1=1 7%

F(w )AL st (1= sl R - 0,0 da +-
iu) — fi cwt dx.
+/Q(f(U) fi(v)) - w' da

Taking into account the homogeneous Dirichlet boundary conditions we derive for
the first term of the right-hand side

- / ai(u) - Aw' - w' dr = / V ((ai(u) - w') - Vo' de =
7 7
k
= / ai(u) - |[vw' |*dr + Z/ daii(u) - vl - w' - vw' dz.
7 Py
Moreover, the second integral can be estimated by
k n
Z/ 0;a5(u) - V! - w' - vw' |de < cl/ Z |0y, w" | - |w" |d,
j=172 291
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for some constant ¢; > 0. Here, we used the assumption a; € C*(R*) and the fact
that «/ and |Vu/| are in L>(£2). For the second term we obtain

—/(wi_)Q-&ii(vl,...,svi—l—(1—s)ui,...,vk)-Avidx:
7

= —Z/Vwi-wi~C~Lz‘z‘(vl,...,svi+(l—s)ui,...,vk)'Vvidm—
2

k 1
— / (w")? - Z / 0;0ai(v*, ... sv" + (1 —s)u', ... oM)ds - vol - volds —
7

j=1j7#i""

k 1
- / (w")? - Z/ Day(vt, ... svt+ (1 —s)uls. .., 0%) - sdsV(v' — u') - Voide <

n
< CQ/QDamwu-|wi|dx+c?,||wi_||iz(m,
=1

for some constants ¢y, c5 > 0. Again, we used that u, v, |Vu| and |Vv| belong to
the space L>({2) and the assumption on the partial derivatives of the functions
a;;. Similarly, we estimate the convection terms

n
|- Z/ i) - Dot wl 4 (wh )T so' (L= s)u, oY) - Oy 0'dal
1=1 71
e [ YD it ol o + sl o,
=1

for some constants ¢y, c5 > 0, where we used that 7}, € C1(R¥) for 1 <1 < n as
well as the boundedness of u,v and |Vv| on {2. Finally, we observe
filu) = filv) =

i k
N N M s

filu) = fi(v!
+w' - / Oifi(vt, .. svt 4 (1 —s)ul, ... o")ds.
0
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Hence, for the remaining integral follows
[~ i) -t e =
Q
= _/ (fi(ul,--.,uk) —fi(vl,...,ui,...,vk)) cwtdr —
Q

1
—// Oifi(vt, ... st 4+ (1 —s)u', ..., vF)ds - (w')dx <
2 Jo

IA

1
| - / / Oifiw', .. sv + (1= s)u, ..., v0)ds - (w')?dx| <
2Jo
< CGH“’Z—H%%Q),
for some constant cg > 0. We used that f; € C*(R*) and the assumption

1 k 1 k
fi(v ’”"\lﬁ-””"v ) < filu ,...,\u/,...,u ).
This is a priori only true for v/ <’ for i # j, 1 < j < k. However, similar argu-
ments as at the end of the proof of Theorem 3.2 justify this inequality. Summing
up and estimating all integrals of the form [, > [0w" | - |w’ |dz by Young’s
inequality we deduce
8t||wl—||%2((z) <C- ||wl—||%2(9)7

for some constant C' > 0. Applying Gronwall’s lemma and using the assumption
(wh)_ = 0 we conclude w® = 0 a.e. in 2. This proves that the order is preserved
by the solutions v and v for ¢ > 0. O]

A direct consequence of this result is the generalization for an arbitrary order
relation. We formulate necessary and sufficient conditions for the system of quasi-
linear equations to be order preserving with respect to the order =.

Theorem 4.6. In addition to the hypothesis of Theorem 2.3 we assume that the
second partial derivatives of the diagonal coefficient functions exist and belong to
the space L (R¥). Then, system (2.1) is order preserving with respect to 3 if and

loc
only if the matrices a and 7' are diagonal, for the diagonal coefficient functions

ag(ut,. .. w b)) = ag(vh .. u M),
Aty o ) = Akt o)

holds for all 1 <1 <n and 1 <1i <k, and the interaction term satisfies

Lt ot 0R) < it b uR) if i€ oy,
i i

fiwt ot 0R) > fi(lt L b uR) if i€ oy,
i i



whenever v/ < w!, for j € oy and v/ < I for j € o9, j # 1.

Proof. Let ug and vy be given initial data satisfying the assumptions of Theorem 2.3
and assume ug - vg. We show that by the corresponding solutions u = u( -, ¢; ug)
and v = v( -, t;vg) the order is preserved, that is u 77 v for ¢ > 0, if and only if a,
~v and f fulfill the stated conditions. Defining w by

; ut—vt ifi € oy
w' = . ‘

—(u'—v") ifi € oy
it satisfies the system

Ow = a(u) - Au—a(v) - Av —J(u) - Du+4(v) - Dv + F(w)
wlt:O = Wo

w|a(2 = 07

where wy € Kt and the function F is defined by

Fi(w) == filu) = fi(v) Z € oy
—(fi(u) = fi(v)) i€ 0y

for 1 <1 < k. Moreover, the coefficient functions of the diffusion matrix a are
given by

&(u) L aij(u) lf] € 01
“ o —aij(u) lfj € 02

and of the convection matrix by

l . .
- vii(u) ifjeo
’ij(u) ::{ J( ) !

—ij(u) if j € 09

forall 1 <i,7 < kand1l <[ < n. By Theorem 4.5 we conclude for the cor-
responding solution w = w( -, t;wg) that wy = 0 implies w 3= 0 for ¢ > 0 if and
only if the matrices a and ' satisfy a;;(u) = y;;(u) = 0, for i # j, 1 <i,j <k,
moreover
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for 1 <1 < n, and the interaction term f satisfies

E' ..., u ... 0" <E@,. .., u .. ub),

% 7

whenever w?’ > 0 for 1 < 4,5 < k, i # j. By the definition of w, the claim that
wp = 0 implies w %= 0 for ¢ > 0 is equivalent to the claim that system (2.1) is order
preserving with respect to =. O

5 Generalized Boundary Conditions

In this section we discuss whether Theorems 2.3 and 3.2 remain valid under more
general boundary conditions. Recall that we always assumed homogeneous Dirich-
let conditions. It turns out that for semi-linear systems the positivity criterion
remains identical for all relevant boundary values of the solution.

5.1 Semi-Linear Case
5.1.1 Inhomogeneous Dirichlet Boundary Conditions

Instead of homogeneous Dirichlet boundary conditions we assume the solution
of the semi-linear system (3.4) satisfies

u o= g,

where g : 92 — R? is a given continuous non-negative function. Notice that
the boundary conditions were not used in the first part of the proof of Theorem
3.2. Hence, the necessity of the stated conditions remains unchanged. Moreover,
it is certainly natural to require non-negative boundary data. In order to prove
the sufficiency it is enough to estimate the boundary integrals we obtain through
integration by parts. Estimating the diffusion term we now get

(ai . Au’_, UZ_)LQ(Q)

0 . 4 :
= —(ai-u’)~uzd:c—/ a; - |vu' [Pdr =
a0 OV [0,
o0 . . 4 ,
= / a; - (=—u") - ¢g-dz —/ a; - |Vu' |Pdr = —ai/ |vu' |*dz,
lp; v 0 ¢
where we used that g is non-negative, which implies u’ |50= ¢ = 0. Con-

sequently, the proof remains the same as in the case of homogeneous Dirichlet
boundary conditions.
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5.1.2 Neumann Boundary Conditions

Next, we assume u satisfies homogeneous Neumann boundary conditions

0
— U |pn— 0.
ov |
i —  — s Qi = O i — 040 — O i = 04
Representing u = u, —u_, that is 5-u" = 5-u!, —5-u’ =0, follows -u' = —Z-u’ .

This implies

(& - Aui_,ui_)Lz(Q)

o0 . ) / -
= a; - (=—u")-ude— [ a;-|Vu' |"de =
| Gt i

= / a; - (— aqu) udx—/az |vu' Pde = —a; /|Vu|dx
092 v 2

and the proof remains identical. In case of inhomogeneous Neumann conditions

0 |
—U =
o anN=49,

we assume the function g Is continuous and non-negative, that is g; > 0 for all

1 <4 < k. This implies —u = aay“+ - a%u_ (9)+ —(g:)— = (9:)+ and therefore,
2t = Zul — (g)+ holds on the boundary 0f2. Estimating the diffusion term
we obtain

(& - Aui_,ui_)Lz(Q)

= / a; - (gu’ ) -u' dx —/ a; - |vu' |*dr =
o0 v 2

= / a; - (guﬂr —(gi)4) - u" dx — / a; - |vu' |*dr =
o0 v 2

= _ai/ (9i)+ - uldx — / a; - | VUl Pdr < —/ a; - |Vu' |*dw.
o2 0 Q

Hence, Theorem 3.2 remains valid for solutions satisfying Neumann boundary
conditions with non-negative function g.

5.1.3 Robin Boundary Conditions

Finally, we assume u satisfies mixed boundary conditions

au + ﬁ u|arz =0 with constants «, 5 > 0.
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It follows —%(ui —u') = %ui — %ui_. Therefore, computing the boundary

integral we obtain
0

o 9 .
e w )t de = (LY u de =
- aI/(OL, u') - u' dx /anal (Gyu_) u' dz

o, ) o0 . )
= a; - (=(u’, —u*)+ —u') - ude =
| o Gl =)+ )

= —a — - |ut |7de < 0.
L5

This term can be omitted in the estimate of the diffusion term and the proof
remains valid. For inhomogeneous Robin conditions

0 :
ou —l—ﬂgu‘(m =g, witha,[ >0,

we assume the function g is continuous and non-negative. It follows o(u’, —u’ )+
B(2ui, — Zut) = (g:)+ — (9:)- = (g:), and consequently,

9 oz( i )4 0 ; 1 (g:)

—u' =—=(u), —u —u' — —=(g;

av'- T g\ T T gyt T gl

holds on the boundary. This implies

ity i = [ o (B ) 2o, — L) e =
o Dy UE) T = /m (Gl = ul) + gt = 5(0)+) - ulde =
o} 1
| o Gty = 50))
o i 12 1
= —Uyr - dr — i S 7 : d <O)
a 3 8Q|U| r—a 3 (gi)+ - utdzx

and the proof continues as in the case of homogeneous Dirichlet conditions.

5.2 Quasi-linear Systems

Finally, we discuss inhomogeneous boundary data for the solution of the quasi-
linear system (2.1). The boundary integral in the proof of Theorem 2.3 yields

0 o i , ,
—(ai(u) -ul) -ulde = / lu" [20;a:(u) V! - vdx +
00 OV ; o0 !

+/ u' ay(u)vu' - vde. (5.8)
09
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If we do not impose further restrictions on the diagonal diffusion coefficient func-
tions a;;, the proof remains valid for inhomogeneous Dirichlet boundary con-
ditions

ulon =g,

with non-negative ¢g. Indeed, if the boundary data satisfies g* > 0 for all 1 < i < k,
it follows u’ = 0 on the boundary and both integrals in (5.8) vanish. The same
applies in case of homogeneous Neumann conditions

ou’
= 0.
By o0
Here we deduce %uﬂr = —%u"_ and the integrals in (5.8) are zero as the supports

of uy and u_ are disjoint.

6 Further Generalizations

The method used to prove the sufficiency of the stated conditions in Theorem 2.3
is applicable for various, more general parabolic systems. In order to illustrate
this, we consider the degenerate parabolic system

Ou=a-AP(u)+ F(u) 2 x(0,T]
uli=o = o 2 x {0}
u‘ag =0 082 x [O,T],

where the density dependent diffusion term is given by

with m € N, m > 2. As before, v/, 1 < i < k, denotes the i-th component
of the vector-valued function u = (u!,...,u*). We claim that the solution u
corresponding to non-negative initial data ug remains non-negative, if and only if
the matrix a is diagonal and F' satisfies

Fiu',..., 0 ,...,u") >0 foru'>0,...,u">0.

i

The necessity of these conditions can be obtained exactly as in the proof of The-
orem 2.3. In order to show that these assumptions are sufficient we assume a is
diagonal, a = diag(ay, ..., ax). The system then takes the form

O’ = a; - A((u)™) + Fy(u,... ).
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Multiplying this equation by u® and integrating over {2 leads to
1 . . . .
—=||lu||? = —ai/ v((u')™) - Vu' dx —i—/ Fi(u', ... uf)-u' doe =
2 0 0
= —a;-m-(=1)""! / (u" )™t v |Pde —|—/ Fi(ut, ... ,u")-u' dr,
2 2

where we took into account the homogeneous Dirichlet boundary conditions. There-
fore, it follows

1 .
§at||uz||2 =
_ (u~7n-(—l)m’1jf(ui)m1-\Vuide-—t/‘qu?r..,uk)'uidx.(69)
2 (%

The last integral can be estimated analogously as in the proof of Theorem 2.3,
_/mmawwywmgcwww
Q

If m is odd, the first term in (6.9) can be omitted and the claim follows immediately
by Gronwall’s Lemma and the assumption (u})_ = 0. Otherwise, for even m > 2,
we may assume that v’ and Vu’ are in L*(2) to obtain an estimate of the form

Oellu'|* < - [lulf?,

for some constant ¢ > 0. As before, we conclude u* = 0 a.e. in f2.

7 Applications

7.1 Chemotaxis

The Keller-Segel model describes the dynamics of a population in a domain (?
following the gradient of a chemotactic agent, which is produced by the popula-
tion itself. Based on this model, the following parabolic system was analyzed by
Jager and Luckhaus in [9]. The population density u and concentration of the
chemotactic agent v satisfy

up = Au — x - V(uVo) in 2 x (0, 00)

v =Av— (u—1) in 2 x (0, 00) (7.10)

u(+,0) =up, v(-,0)=wvy in 2 x {0},
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where Y is a positive constant. Moreover, {2 C R? is assumed to be open and
bounded with C'-boundary. The initial data ug, vy € C1(§2) satisfy the boundary
conditions and ug, vy > 0. Note that the first equation of (7.10) can be written as

u = Au+ x - Vu- Vo + x - udv. (7.11)

The cross-diffusion term is of the form required for the positivity of the solution u
in Theorem 2.3. Moreover, we see that the proof of Theorem 2.3 can be generalized
to system (7.10). Indeed, if we multiply the second term in (7.11) by u_, integrate
over {2 and use Young’s inequality, we obtain the estimate

lx/ Vu - Vo - u_dz| Se/ |Vu_]2da:+C/ lu_|*dx
0 Q 0

for some constant C' > 0. Under the assumption that w,v and their gradients
satisfy L*°-estimates Theorem 2.3 implies that the density u is non-negative. Fur-
thermore, if the density u is bounded by 1, the positivity of the concentration v
follows as the interaction term in the second equation then satisfies —(u —1) > 0.

Remark 7.1. Our criterion applies in the same way to so-called chemotazis growth
models. See [12] for instance, where a model to study aggregating patterns of
bacteria due to chemotaxis and growth was presented.

7.2 A System of PDEs Including the Effect of Porous Medium
and Chemotaxis

Let 2 C R™ be open and bounded with C'-boundary 92. The following type of
equations arises in the modelling of biomass spreading mechanisms via chemotaxis

M; = V(MQ-VM)—V(MW-Vp)—{-f(M,p) in 2 x (0700)

pr = Ap—g(M, p) in §2 x (0, 00) (7.12)
M=0, p=1 on 012 x [0, 00) '
M(,O) = Mo, p(',O) =Po in {2 x {0}7

with smooth initial data satisfying the boundary conditions and M, pg > 0. The
constants o and v are assumed to fulfill v+ 1 < a < 2y+2 and v+ 1 < a (which
implies o > 4,y > 3). This system was analyzed in [6], where the well-posedness
is proved for the dimensions n = 1, 2, 3.

First, we apply Theorem 2.3 to derive conditions on the function g that yield
the positivity of the density p. According to our criterion and the results of Section
5 the solution p(-,-; po) corresponding to initial data pg > 0 remains non-negative
if and only if the interaction term satisfies

g(M,0) <0 whenever M > 0. (7.13)
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Note that the L*>-property of the solutions was essential for the proof of Theorem
2.3. However, we may apply Theorem 2.3 to additionally deduce a necessary
condition on the interaction term g for the boundedness of p. Defining the function
p = 1 — p, the density p is bounded by 1 if and only if p is non-negative. By
Theorem 2.3, this is the case if and only if

g(M,1) >0 whenever M > 0. (7.14)
Indeed, the function p satisfies
pe=Ap+g(M,p) in 2 x (0,00)

with homogeneous boundary conditions p|g, = 0. The interaction term g in [6] is
of the form

9g(M,p) = go(p)M + c1p,
where the constant ¢; > 0, the function gq satisfies go(0) = 0 and

0 < go(p) <co for some constant c; > 0 and p > 0.

Hence, conditions (7.13) and (7.14) are clearly satisfied. Furthermore, by Theorem
2.3, the density M remains non-negative if the interaction term satisfies (0, p) > 0
for all p > 0. This is certainly true due to the assumption

—[1M? < f(M,p) < foM — fsM?,

which was made in [6].

7.3 Biofilm Model

We assume {2 C R" is an open and bounded subset with C'-boundary 9f2. The
following non-linear density-dependent system of reaction-diffusion equations de-
scribes the spacial spreading of biomass during the development of microbial films.
The function C' represents the substrate concentration and M the biomass density,
they satisfy

My = iV (D (M)VM) + k3 22 — ky M in 2 x (0,T)

k2+|C|
— CM .
Ot = dQAC — klm in 2 x (O,T) (715)
C=1 M=0 on 92 x [0, T]
C(-0) = Cyp,  M(-,0) = M, in 2 x {0},

where the constants di,dy > 0 and kq, ko, k3, ks > 0. The density-dependent
diffusion coefficient for the biomass M is given by
| M|

vM
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with exponents a,b > 1. Moreover, the initial data is assumed to be smooth,
satisfies the boundary conditions and wug, vy > 0. Theorem 2.3 yields the positivity
of the solutions.

Indeed, the existence of solutions of system (7.15) was proved in [1] considering
the non-degenerate auxiliary system

M; = dyV(FE(M)VM) + k322 — kyM  in 2 x (0,7T)

ka+|C]
CcM :
Ct = dQAC — kl k2 t|C] in 2 x (O, T) (716)
C=1, M=0 on 02 x [0,T]
C(-,0)=Co, M(-,0) = M, in 2 x {0},

where the function F, is given by

|z+e® <1 —
Fiz) = d T FSC
z® z>1—F¢,

for 0 < € < 1. This system is regular parabolic and quasi-linear without cross-
diffusion terms. Using a comparison theorem for parabolic systems it was proofed
in [1] that the solutions M€ and C* of the auxiliary system satisfy C¢, M€ < 1 and
consequently 0 < F.(M) < 1 holds. The function C* satisfies Dirichlet boundary
conditions C|p, = 1. Hence, by Theorem 2.3 and the results of Section 5 the
solution C*(-,t; Cy) remains non-negative for ¢ > 0 as the interaction term

CM
ko + |C]
satisfies g(M,0) > 0. The positivity of M€ follows as well from Theorem 2.3 as

MC
M.C) = ky—C M
f( ) 3k2+|0| 4

g(M,C) = —k

satisfies f(0,C) > 0. However, recalling the proof of Theorem 2.3 we see that
the positivity of M€ and C¢ can be deduced without the L*°-assumption on the
solutions. Indeed, we multiply the first equation of (7.16) by M€ and integrate
over {2, which leads to the following estimate for the interaction term

|/f(C€,ME)Mde\ gkg/ ¢
(9] (9]

ko + |C¢|
for some constant ¢ > 0. This implies the positivity of the biomass density M¢€.
Next, multiplying the second equation of (7.16) by C¢ and integrating over (2
yields

~]ME|2dx+k:4/ M Pde < o M 120,
(93

19
2 0,

ME
CPda < —ky | —— |0 Pdz < 0,
/Q| e <~k [ |7 <
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where we used the positivity of M€. This certainly implies that C° =0 a.e. in (2.
It was shown that the solutions M and C* converge to the solutions M and C' of
the original system in Cy,.(RT; L2(£2)). This proves the positivity of the solutions
M and C of the original system (7.15) (cf. [1]).

7.4 Quorum Sensing

Finally, we show the positivity of solutions of a mathematical model describing
quorum sensing in biofilm communities. Quorum sensing is a mechanism of cell
communication to coordinate behavior in groups and gene production by the pro-
duction of extracellular signalling molecules. The dependent variables of the model
are the density of the signaling molecule A, the concentration of the growth lim-
iting nutrient C, the down-regulated biomass density M° and the up-regulated
biomass fraction M!. Cells constantly produce and release signalling molecules,
when a critical concentration of the signalling molecule is reached, the cells un-
dergo changes. These cells are then called up-regulated and produce the signalling
molecule at an increased rate. The following model was analyzed in [7]

(M? = V(D (M)vM°)

s AC — kMO — ks A"MO + ks M in 2 x (0, T)
M} = v(Dy(M)vM?)

Fhs MGk MY 4 ks APMO — ks MY in 2 % (0,T)

k2O 7.7
C, = d; AC — /ﬁkffc in 2x(0,7) (7.17)
Ay = dyAA —yA + aM® + (a + B)M? in £2x(0,7)
M°=0, M!'=0, C=1, A=1, on 02 x [0,T]

]\4-0:]\4007 MlZMOI, C:CO, A:AU, in_QX{O},

\

where M := M°+M" and the density-dependent diffusion coefficient D, is defined
as in the previous section. The constants di,dy > 0 and kq,...,k5,a,3 > O.
Moreover, we assume the initial data is smooth, satisfies the boundary conditions
and

0 < Co(z), Ap(x), M(?(a:), M&(m) <1, zef

As in the single species biofilm model, the existence of solutions is shown by a
non-degenerate approximation of system (7.17). Under the assumption that the
solutions satisfy L*-estimates, the positivity of the densities (of the auxiliary
system) follows by Theorem 2.3. Sufficient for the boundedness of the solutions is
the condition v > a + S.

Remark 7.2. In a forthcoming paper we will consider the positive invariance of
the positive cone for systems of stochastic partial differential equations (cf. [2]).
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